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Abstract In this paper, a quadratic B-Spline has been constructed that is an approximate solution to a function with
very limited given lacunary data and approximate boundary conditions. Then the error bound for the B-spline is found.
Further this construction is used to solve boundary value problem.
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1. Introduction

Boundary value problem (BVP) is a differential equation together with some conditions imposed
at different points. The BVPs have been applied in mathematics, engineering and various fields of
sciences. The rapid increasing of their applications has led to formulating and upgrading several
existing methods and new approaches [1].

Quartic B-spline is a piecewise polynomial of degree four satisfying third order parametric continuity
[2].

In this paper, quartic B-spline is manipulated to approximate the solution of a BVP with lacunary
data given on it and the boundary conditions are approximation, means that it satisfies conditions (1)-
(2), see below. By presuming the B-spline to be the solution for this problem, an undetermined
system of linear equations of order (n+4) x (n+4) with n being the number of uniform
subintervals is built. Adding three approximate boundary conditions into this system gives a square
system of (n + 4) X (n + 4) that have a unique solution for this problem.

This method can make use of the problem’s equation to construct an error equation. Minimization
of the error equation would give the value of the variable that produces the best approximation of the
solution.

2. Lacunary Interpolations on Boundary Value Problem using B-spline of Degree

four.
In this section, we try to find an approximate solution of a function f(x) having very limited
lacunary data on it, the function has the following interpolation conditions;
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f(xd) =y ,i=012,..,n 1)
With the following lacunary boundary conditions
f'(x0) = o
f'Gn) =y @
f"(x0) = yo'

The B-spline is non-zero at five knots, we can find the value of B;, at the nodal points by
differentiating it with respect to the value B; ,(x) and its first three derivatives at the nodal points can
be tabulated as in table 1.

Table 1: Values of B; ,(X) and its first three derivatives at the nodal points

Xi—2 Xi-1 Xi Xit1 Xit2 Xit+3
B; 4 (%) 0 1 11 11 1 0
B'; 4(x) 0 4/h 12/h —12/h —4/h 0
B"; ,(x) 0 12/h? —12/h? —12/h? 12/h? |0
B"; ,(x) 0 24/h3 —72/h3 72/h3 —24/h3 |0
From the definition of B-Spline, the solution of Eqg.1 using Quartic B-spline is approximated by;
i+2
S(x) = Z c;B;(x) , 1=012,..,n 3)
j=i-2
then
i+2
S'(x) = z ciB';(x) , 1=012,..,n (4)
j=i-2
and
i+2
S"(x) = Z ¢B";(x) , i=012,..,n (5
j=i-2

Now without loss of generality, we can re-write Eq. 3 as below,

S(x) = ¢i2Bio(x) + i1 Bi_1(x;) + ¢;Bi(x;) + €i41Biy1 () + ciy2Biy2 ()

where i = 0,1, 2, ...,n and all other B;,,’s are zero, k = —4,—3,3,4

By shifting the B spline to the right side by k's step, mathematically meaning;
B;_, (x;) = B;(x;4,) for all, then Eq. 3 can be re-written as follows

S(x) = ¢;_yBi(xi42) + ¢i—1Bi(Xi41) + ¢;Bi(x;) + ci41Bi(xi—1) + ci32Bi (%) ,i =
0,1,2,..,n (6)
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Doing the same steps on first and second derivatives of the B-spline in Egs.4 and 5 respectively,
gives

S'(x) = ¢c;_yB"i(X142) + ci—1B' i (xi41) + ;B (x;) + ci41B"i(x;—1) + ¢142B" i (x;-3) ,
i=012,..,n

and

§"(x) = ¢i—2B"{(xi42) + ci_1B" i (Xi41) + ¢;B";(x;) + ci11B" i (x;-1) + ciy2B" i (x;2)
i=01.2..,n
From the lacunary conditions and by substituting the values of B; ,(x) at the knots using table 1, the
following equations are formulated,

flxg) =S(xy) =c_y +11lc_; + 11cy+ ¢4
flx) =8S(x) =c_q+11cyg+ 11c; + ¢,
flxy) =8S(xy) =co+11c; +11cy, + ¢4

(9)
fxn) = S(xn) = cpop + 11cp g + 1lcy + Cpygq
From Eq.9, there are n + 4 unknowns to be founded and n + 1 equations, so we need to write three
more equations which are the lacunary boundary conditions, to have;
hf'(xo) = hS'(xo) = —4c_y — 12¢c_1 + 12¢y + 4¢4
hf'(x,) = hS'(x,) = —4cp_p — 12¢—1 + 12¢,, + 4Cpyq (10)
h2f"(xq) = h2S5"(xo) = 12¢_, — 12¢_; — 12¢¢ + 12¢4

Egs. 9 and 10 forms a square system of (n + 4)x(n + 4) system represented in the matrix form as
follows
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1 11 11 1 0 0 0 0 0) (e ) ((Flxo)

4 12 12 4 00 0 0 .. 0| c, R (%)

2 12 12 12 0 0 0 0 . .. 0| c h2f" (%)

0o 1 11 11 1 0 0 0 ... 0| ¢ f(x1)

0o 0 1 11 111 0 0 0| c £ ()

o 0 0 1 11111 0 ... 0| e |=| Flxy) (11)

o 0 .. 0 0 0 0 1 11 11 1| ¢ F(xn)

0 0 .. 0 0 0 0 -4 12 12 4||cy, hf' (%)
AN _J
(n+4)(n+4)

Above Matrix is invertible, to show this we can use the principal of mathematical induction, this
yields that above

system has a unique solution.
With this, the construction of a fourth degree B-spline is completed which is an approximate solution
of the problem given by Egs.1 and 2.

3. Error bound

In this section, an error bound of the fourth degree B-spline is formulated
Denote Eq.11 by AC =Y, and Let S(x) = Xi*2_, C;B;(x) be an approximate solution of ¥, and ¥ be
an approximate solution of Y.
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Lemma 1

If A is an n x n matrix as defined in Eq.11, then |47, = i
Proof:

It easy to show that by mathematical induction the matrix A is invertible, then
It is known that ||A|| = max||Ax||, or [|All.=max; X7, |aij| , then

AT = max) =1 |1A7 x|l = maxay=1llyll = (Tfll'n||,4y||=1||y||_1)_1 = (min|lAx|)~1,
where A"lx =y
— : -1 _
= (min(24,32,48))! = oz
Lemma 2
Let S(x) = Xit3_, C;B;(x) be another approximate solution of ¥ using exact boundary conditions,
then
lc—cll, <5 Ilv=1l,, .
Proof:
For the approximate solution S(x) of Y, another matrix system could be obtained as follows;
AC =Y ,and
AC=Y - AC-AC=Y Y,
Then A(C—-C)=(-Y)-> (c-C) =4y -Y)
Now using properties of norm, the following yields;
Ic—cll, =llay =Dl < a7l y =9l <Ny =¥,

ol

Lemma 3
The following inequalities are true fori = 0,1,2,...,n

i) XMLIB(x)| =24,
. , 32
i) YHLIB/(x)] < P

i) XLIB(x)] <%, and

h2’

: " 92
iv) I8 (0)] < 3%

Proof

For x € [x;,x;4+1], and from Table 1, fori = 0,1,2, ...,n

i) L B(x) =YMLB(x) =14+ 11+114+1=24 ,
.. , 4 12 12 4 32
i) ?:-12|Bi(x)|3a:‘7+7+ﬁ S5
i) ERLIB (0l <
v)  EERUB ™I <

Lemma 4

Let S(x) be a quartic B-spline approximate solution of y(x) with lacunary and approximate
boundary conditions, and let S(x) be another approximate solution of y(x) with lacunary boundary
conditions, then for i = 0,1,2, ..., n, the following are true
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i) SG) =Sl < Iy = 97|,

i) S-S < Iy -7,

i) [s70) -8l <5 [lv -1,

iv) ST =8| < = Iy -9,

Proof
Using Lemma 2 and Lemma 3, and for k = 0,1,2,3, we have
n+1 n+1
50000 - 80e0| = | Y (- eBP@ |<lc-¢f, > [BPw|
i=—2 i=—2
i) Fork =0,
i=n+1
G0 - 360l < [lc = ¢l Z 1B,Gol < Iy = 9|
i=—2
i) Fork=1, L
|5'Go) — ') < lc - el BBl < 2y =9
1)) Fork = 2;

|57G) = 8" (0| < ||c — €|, Bzt By ol < 5 [y =¥ .

iv) Finally for k = 3;
|57/() = 8" < [lc = €|, ZELIB @I < 33 Iy = 91,
For f € C*[0,1], we have the following expansions, that will be used in subsequent section.

S(xi) = y () + 2hy' () + 2h2y" (x) + 7R3y () + 2Rty (64,)
§'(xp) = ¥ () + 2hy" () + 2 h2y!" () + b3y (6,)
§"(x) = y" (x) + = hy" () + = h2y P (85)) (12)
arrr mnr 2
§7(x) = y" (%) + 2 hy ™ (64)

where 6;; € [xo,x,],j = 1,2,3,4

Theorem 1
Let S(x) be a fourth degree B-Spline approximation solution of Y, then the following inequalities
are true;

) IS -Vl <o IY =9I+ 2hlly” Gl + 2 h2lly Gl + 22w (P (62,))
i) 157G - Y@l < 2l =T+ 2Rlly Gl + 2n2w (y9(65,))
i) 15" () =Yl <= Y =Y + 2R w(F®65))

Proof:
Using lemma 4, prove of (iv) is as follows;
A A 8 . R
|Sul(x) _ Y”,(X)l S |S///(x) _ S”,(X)| + |S///(x) _ Y///(X)| S ﬁ ”Y _ Y”OO + |Slu(x) _ YIII(X)l

Assigning S’ (x) as §"";(x) and Y'"'(x) as y;"" (x;) ,and using Eq. 12, then the last term of above
equation can be obtained as follows;

A 2 2
87 = v G| = |y () + 5y (020) = v G| =[5y @ (6]
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Hence
15" = Y@l < 5 |Iv =l +2hw (y@(6,:)), where i = 01,2, .. ,n.
Similar to the proof of (iv) the followings can be proved;
i) 15" - Yl < [S"() =S|+ S () - Y'(x)| < hi |y =¥||_ +1[8"(x) - "]
Assigning S (x) as S”;(x) and Y"'(x) as y;" (x;), then the last term of the above equation can be
obtained as follows;
3760 — v ()| = [y Ge) + 2hy" () + 202y P (85,) — v ()|
2 nr 2
= |g hy" (x) +35 h2y® (93,i)|

= Zhly" Gl + k2w (y9(85.)
Hence
15"(x) = V")l < 5 Y = 9|+ 2hlly" @ll,, + 282 w (y®(65) )where i = 0,1,2, ..., n.
Applying similar techniques complete the proof of the theorem
i) 1SG) =Y <|S') =S|+ [S'(x) — V' ()|
<=y =9+ 8@ - ')
<=y =9l + 8@ - v (&)

4 ¥ 2 1 2 /
< o V=Tl + [y G + 2y () + SR ) + SR (0,0 — ¥ (1)

4 - 2 2
< o v =l +[ohy" G + Shoy ) + SRy 60)

4 - 2 2
<3 IV =YL, +28lly" Gl + S R2lyy" Gell + 5w (3 (6,,))

) 1S(G) - Y < [Sx) — S| +[5(x) — Y ()|
<[y =9, +[8G) - Y )|

<|[ly = ||, + |y + 2hy’ (x) + 202" () + 213y () + 204y (0, — y(x)| <
[y =2l + 2hlly’ Gell + 2h2 1y, Gell + 3 b3 lly!” Gl + w(y (61:))

Example 1:

y®(x) + xy = —(8+ 7x + x3)e* with

y'(0) =1

y'(1)=—e

y"(0)=0

The analytical solution is given by y(x) = x(1 — x)e*

Table 2 compares the numerical results between present B-Spline method and the computational
method used in [12]
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Table 2
X; Exact Solution [12] B-Spline Max Error
1/8 -0.1239381121 2.37e78 8.94¢~°
1/16 -0.0437870146 5.75¢° 3.46e~°
1/32 -0.0312344196 1.47¢~° 5.59¢ 10

Error of the present B-spline method is slightly better than the error obtained in [12], this confirms that the B-
Spline method is a precise one for the models of BVPs stated in section 2.

Example 2:
y®(x) + 4y(x) = 1, with
y'(0)=0
1) = 0.664 sin1sinh1 —1.932cos1cosh1
Y a 2(cosh?2 + cos2)
" sin 1sinh 1
y"(0) =~

cosh 2 + cos 2
The analytical solution of above problem is;
251 — 2 sin 1 sinh 1 sin x sinh x + cos 1 cosh 1 cos x cosh x
y() = 0.25] cosh 2 + cos 2
The results of maximum absolute error max[y ™ (x;)] = max;<jcn [y ™ (x) — S (x)|, 7 = 0,1,2,3
are tabulated in Table 3

Table 3
X Exact Solution [12] B-spline Error
1/8 0.07372 1.29¢~7 7.53¢78
1/16 0.08767 3.08¢78 4.21e~°
1/32 0.08858 7.54e° 3.17¢7°

The example has been solved by Yogesh and Punkja. [12], The numerical results shown in Table 3 shows encouraging
results of our method.

Conclusion

Based on the investigation done in the present study, it can be concluded that, B-Spline is fast,
flexible and precise to be used to find approximate solutions of boundary value problems with given
limited lacunary interpolation condition and approximate boundary condition, below are some
conclusions;

1) B- Spline produced an approximation of analytical solution of the problem with respect to the

selected subinterval.

2) B-Spline is a good tool to be used to solve lacunary interpolation problems for Boundary
Value Problems.

3) Itis considerable that as the subintervals are increasing, and h being small, the approximation
by B-Spline is more precise and has potential to give good approximation solution for
boundary value problems.

4) B-Spline of degree four is precise and flexible enough to become an approximate solution of
BVPs.
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5) The errors in the numerical examples are quite good, slightly better than other errors obtained
from other approximation tools.
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