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Abstract
In this work, a new class of one-step second derivative block hybrid numerical scheme is developed for the numerical

solution of first-order integro-differential equations with the aid of Simpson’s 1/3 quadrature method. The collocation techniques
is used for the derivation of this new block method which gives high order of accuracy with very low error constants and its
zero stable and convergent. The results from the numerical solution of the examples drawn from literature shows its efficiency
in terms of the small errors obtained. c©2023 All rights reserved.
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1. Introduction

An nth order integro-differential equation is of the form

y(n) =

n−1∑
i=0

gi(x)y
(i)(x) + f(x) + λ

∫b
a

K(x, t)y(t)dt, a 6 x, t 6 b, (1.1)

where y(x) ∈ C(a,b) and square integrable on [a,b], is an unknown function to be determined, f(x), gi(x),
i = 0(1)n− 1 are known continuous functions, K(x, t) is a known kernel, λ ∈ R is a known parameter. We
thus in this work consider (1.1) for n = 1, the form of integro-differential equations of the form, (see [1]),

y ′ = y(x) + λ

∫b
a

K(x, t)y(t)dt, a 6 x 6 b, (1.2)

For simplicity sake, we write (1.2) compactly as

y ′ = f(x,y(x), z(x)), a 6 x 6 b,
z(x) =

∫b
a K(x, t,y(t))dt.

(1.3)
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The assumption is that f and K are continuous and thus satisfy the following Lipschitz conditions:

|f(x,y1, z) − f(x,y2, z)| 6 γ1|y1 − y2|

|f(x,y, z1) − f(x,y, z2)| 6 γ2|z1 − z2|

|K(x, t,y1) −K(x, t,y2)| 6 γ3|y1 − y2|

(1.4)

where for small constants γi, i = 1, 2, 3 and that, (1.2) has a unique solution in [a,b].
It should also be noted that an extension of combination of Fredholm and Volterra known as Fredholm-
Volterra integro-differential equations of the form

y ′ = f(x,y(x), zfv(x)), a 6 x 6 b,
zfv(x) =

∫b
a1
Kf(x, t,y(t))dt+

∫b(x)
a2

Kv(x, t,y(t))dt+ .
(1.5)

is also considered.

Integral equations results from fields of science and having wide range of applications in fluid me-
chanics, electrical engineering, heat/mass transfer biomechanics, etc [2]. on the other hand, integro-
differential equations model many phenomena in sciences. Examples include the model of nonlinear
dispersive waves in fluid dynamics, the Wilson-Cowan models describes inhibitory and excitatory neu-
rons interaction which results into system of integro-differential equations, Kirchhoff’s second law in
alternating current (AC) circuit in electricity, the Kermack-Mckendrick theory of infectious disease trans-
mission in epidemiology, [3]. There are limited approach and technique employed to obtaining the so-
lution of integro-differential equation analytically and thus, development of numerical solution to this
kind of models have been on the rise. Some numerical techniques include using the matrix relation to
convert IDE to system of algebraic equation as seen in [3], Hermite Collocation Method was applied to
obtain approximate of linear Fredholm Integro-Differential Equations in [4], Tau method used to pro-
duce approximate polynomial solutions in [5]. A thorough study of Most of this methods mentioned
mentioned have overlapping of pieces of solutions nd thus solutions obtained are at prescribed points
only. In the same way, they rarely estimate error bound for their methods. All these are taken care of
using the block method especially approximating the integral part of the equation using the Simpson
rule for integrals. The advantage of using the block methods are that, they are self-starting. They also
have the advantage of producing smaller global errors (at the end of the range of integration) than those
produced by the step-by-step methods due to the presence of accumulated errors at each step in the
step-by-step method. The accuracy is thus improve with the presence of second derivatives in the block
scheme. The numerical approach in this work takes care of both Fredholm Integro-Differential Equations,
Volterra Integro-Differential Equations and the Fredholm-Volterra Integro-Differential Equations which
other methods mentioned above lacked.

The numerical approximation of the integral part in (1.2) will be treated with the 1/3 Simpson’s
quadrature for multiple segments. Simpsons quadrature can be used to obtain better numerical approx-
imation by dividing the integration interval into a number of segments of equal width as in h = b−a

N .
Thus, given the integration interval [a,b] with a = x0 < x1 < x2 < . . . < xn−2 < xn−1 < xn = b, we can
obtain from the 1/3 Simpson’s three points the following∫b

a f(x)dx u (b− a)
f(x0)+4f(x1)+f(x2)

6 + (b− a)
f(x2)+4f(x3)+f(x4)

6
+ · · ·+ (b− a)

f(xn−2)+4f(xn−1)+f(xn)
6∫b

a

f(x)dx u (b− a)
f(x0) + 4

∑n−1
i=1,3,5,... +2

∑n−2
i=2,4,6,... +f(xn)

6n∫b
a

f(x)dx u
h

3

f(x0) + 4
n−1∑

i=1,3,5,...

+2
n−2∑

i=2,4,6,...

+f(xn)

 (1.6)
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When b = x, then (1.6) becomes

∫x
a

f(x)dx u
h

3

f(x0) + 4
n−1∑

i=1,3,5,...

+2
n−2∑

i=2,4,6,...

+f(xn)

 (1.7)

In this work, a continuous linear multistep method is derived via a block technique, which is used to
formulate continuous block finite difference methods, using power series polynomials as basis functions.
Thus, using multistep interpolation and collocation, a continuous finite difference method is derived
which are assembled and solved simultaneously to obtain approximate solution of (1.1) at points xn,
n = 1, . . . ,N− 1

2. Derivation of the method

In this section, we derive a continuous hybrid method which comprise of the main and additional
methods. We seek an approximate solution u(x) in the interval [xn, xn+1], where n = 0(1)N. We proceed
by considering the approximate solution of the form

Υ(x) ≈ p(x) =
d∑
k=0

νkΓk(x) (2.1)

where Γk(x) with k = 0, 1, 2, . . . are polynomial basis functions of degree d, x ∈ [a,b] with the integration
interval a = x0 < x1 < x2 < · · · < xN−1 < xN = b and νk are unknown coefficients. Here, Γk(x) = xk

and letting the approximate solution u(x) of (1.1) be given as u(xn+k) at xn+k with the fact that fn+k =

f(xn+k,u(xn+k), z(xn+k)) = p ′(xn+k), gn+k = f ′(xn+k,u(xn+k), z(xn+k)), z(xn+k) =
∫b
a K(xn, t,y(t))dt,

where xn+k = xn + kh, with h = xk+1 − xk is the constant step-size.
Specifically, we derive a one step method with two off-step points clustered at mid point value. Evaluating
(2.1) at the points x = xn, xn+1. Similarly, evaluating the first and second derivatives of (2.1) at the points
x = xn+k, k = 0, 2/5, 1/2, 3/5, 1, and x = xn, xn+1, respectively, the following system of equations are
obtained. Υ(xn) = p(xn), Υ(xn+1) = p(xn+1),Υ ′(xn) = p ′(xn), Υ ′(xn+ 2

5
) = p ′(xn+ 2

5
), Υ ′(xn+ 1

2
) =

p ′(xn+ 1
2
), Υ ′(xn+ 3

5
) = p ′(xn+ 3

5
), Υ ′(xn+1) = p ′(xn+1), Υ ′′(xn) = p ′′(xn), Υ ′′(xn+1) = p ′′(xn+1). Thus,

obtaining the constants νk with

ν0 = un, ν1 = fn, ν2 = gn
2 ,

ν3 = − 1
108h2

(
1471fn − 9375fn+ 2

5
+ 13824fn+ 1

2
− 6250fn+ 3

5
+ 330fn+1 + 294hgn − 36hgn+1

)
ν4 = − 1

144h3

(
−6173fn + 53125fn+ 2

5
− 85248fn+ 1

2
+ 40625fn+ 3

5
− 2329fn+1 − 930hgn + 258hgn+1

)
ν5 = − 1

180h4

(
10563fn − 109375fn+ 2

5
+ 186624fn+ 1

2
− 93750fn+ 3

5
+ 5938fn+1 + 1422hgn − 672hgn+1

)
ν6 = 1

216h5 25
(

331fn − 3875fn+ 2
5
+ 6912fn+ 1

2
− 3625fn+ 3

5
+ 257fn+1 + 42hgn − 30hgn+1

)
ν7 = − 1

126h6 25
(

49fn − 625fn+ 2
5
+ 1152fn+ 1

2
− 625fn+ 3

5
+ 49fn+1 + 6hgn − 6hgn+1

)
(2.2)

Substituting all νk k = 0(1)7 into (2.1) and evaluating, we obtain the following continuous formula

u(x) = α0un + h(β0fn +β1fn+1 +β2fn+ 2
5
+β3fn+ 1

2
+β4fn+ 3

5
) + h2(γ0gn + γ1gn+1) (2.3)
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with known coefficients α0, β1,2,3,4 and γ1,2. The block method is obtained by evaluating (2.3) at the points
x = xn+k, k = 0, 2

5 , 1
2 , 3

5 , 1 in what follows.

un+ 2
5
= un + h

(
69943fn
421875 +

661f
n+ 2

5
945 −

82176f
n+ 1

2
109375 +

283f
n+ 3

5
945 − 5657fn+1

421875

)
+ h2

(
8048gn
984375 + 1402gn+1

984375

)
un+ 1

2
= un + h

(
1271fn

7680 +
71875f

n+ 2
5

96768 −
24f

n+ 1
2

35 +
3125f

n+ 3
5

10752 − 911fn+1
69120

)
+ h2

(
73gn
8960 + 113gn+1

80640

)
un+ 3

5
= un + h

(
41431fn
250000 +

411f
n+ 2

5
560 −

67824f
n+ 1

2
109375 +

187f
n+ 3

5
560 − 3369fn+1

250000

)
+ h2

(
7149gn
875000 + 1251gn+1

875000

)
un+1 = un + h

(
329fn
2160 +

3125f
n+ 2

5
3024 −

48f
n+ 1

2
35 +

3125f
n+ 3

5
3024 + 329fn+1

2160

)
+ h2

(
17gn
2520 − 17gn+1

2520

)
(2.4)

This makes a total of 4 formulas which are assembled in a block form for obtaining the numerical solution
of (1.1) with the aid of the 1/3 Simpson’s quadrature method.

3. Characteristics of the derived method

Associated to the formulas in (2.3), we define the linear difference operator as

Lk[u(x); h] ≡ u(x+ kh) − u(x) −
[
β1u

′(x) +β2u
′(x+ 2

5h) +β3u
′(x+ 1

2h) +β4u
′(x+ 3

5h)
− +h2(γ0u

′′(x) + γ1g(x+ h))
] (3.1)

The local truncation error of each of the formulas in (2.4) is the amount by which the exact solution of the
ODEs fails to satisfy the corresponding difference operator (3.1). Expanding u(x) in (3.1), in Taylor series
around x, the local truncation errors LTEs of the form

L[u(x); h] = Cp+1h
p+1u(p+1)(x) +O(hp+2) (3.2)

is obtained, where the constants Ci for i = 0(1)ρ varnishes and Cρ+1 6= 0 is called the principal error
constant and ρ is the order of the formula. The linear operators of each formula in (2.4) are given as

L 2
3
= u(xn + 2

5h) − u(xn) − h
(

69943u ′(xn)
421875 +

661u ′(xn+ 2
5h)

945 −
82176u ′(xn+ 1

2h)

109375 +
283u ′(xn+ 3

5 )

945 −
5657u ′(xn+h)

421875

)
+h2

(
8048u ′′(xn)

984375 +
1402u ′′(xn+h)

984375

)
L 1

2
= u(xn + 1

2h) − u(xn) − h
(

1271u ′(xn)
7680 +

71875u ′(xn+ 2
5h)

96768 −
24u ′(xn+ 1

2h)

35 +
3125u ′(xn+ 3

5 )

10752 −
911u ′(xn+h)

69120

)
+h2

(
73u ′′(xn)

8960 +
113u ′′(xn+h)

80640

)
L 3

5
= u(xn + 3

5h) − u(xn) − h
(

41431u ′(xn)
250000 +

411u ′(xn+ 2
5h)

560 −
67824u ′(xn+ 1

2h)

109375 +
187u ′(xn+ 3

5h)

560 −
3369u ′(xn+h)

250000

)
+h2

(
7149u ′′(xn)

875000 +
1251u ′′(xn+h)

875000

)
L1 = u(xn + h) − u(xn) − h

(
329u ′(xn)

2160 +
3125u ′(xn+ 2

5h)

3024 −
48u ′(xn+ 1

2h)

35 +
3125u ′(xn+ 3

5h)

3024 +
329u ′(xn+h)

2160

)
+

h2
(

17u ′′(xn)
2520 −

17u ′′(xn+h)
2520

)
(3.3)

Expanding each formula in (3.3) in Taylor’s series about xn we obtain the following LTEs

Cp: 2
3
= −

3u(p+1)(xn)
109375000 hp+1 +O(hp+2)

Cp: 1
2
= −

u(p+1)(xn)
36864000 hp+1 +O(hp+2)

Cp: 3
5
= −

3u(p+1)(xn)
109375000 hp+1 +O(hp+2)

Cp:1 =
11u(p+2)(xn)h

(p+2)
5080320000 +O(hp+3)

(3.4)
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Where p = 7. This shows that the method is 7th order. A linear difference operator L is said to be
consistent of order p if it satisfies (3.2) with p > 0 for every smooth function u. Thus, a difference operator
L is consistent if the order p > 0.

The matrix form of the formulas in (2.4) is given as

A1Uµ+1 = A0Uµ + h(B0Fµ +B1Fµ+1) + h
2(C0Gµ +C1Gµ+1) (3.5)

where
Uµ = (uµ− 2

3
,uµ− 1

2
,uµ− 3

5
,uµ−1)

T

Uµ+1 = (uµ+ 2
3
,uµ+ 1

2
,uµ+ 3

5
,uµ+1)

T

Fµ = (fµ− 2
3
, fµ− 1

2
, fµ− 3

5
, fµ−1)

T

Fµ+1 = (fµ+ 2
3
, fµ+ 1

2
, fµ+ 3

5
, fµ+1)

TGµ = (gµ− 2
3
,gµ− 1

2
,gµ− 3

5
,gµ−1)

T

Gµ+1 = (gµ+ 2
3
,gµ+ 1

2
,gµ+ 3

5
,gµ+1)

T

with

A1 =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 , A0 =


0 0 0 1
0 0 0 1
0 0 0 1
0 0 0 1

 , B0 =


0 0 0 69943

421875
0 0 0 1271

7680
0 0 0 41421

250000
0 0 0 329

2160

,



B1 =


661
945

−82176
109375

283
975

−5657
421875

71875
96768

−24
35

3125
10752

−911
69120

411
560

−67824
109375

187
560

3369
250000

3125
3024

−48
35

3125
3024

329
2160

 , C0 =


0 0 0 8048

984375
0 0 0 73

8960
0 0 0 7149

875000
0 0 0 17

2520

 , C1 =


0 0 0 1402

984375
0 0 0 113

80640
0 0 0 1251

875000
0 0 0 −17

2520


The zero-stability refers to stability of the difference system in (3.5) as h → 0. As such, if h → 0 in (3.5),
we obtain

A1Uµ+1 −A0Uµ = 0 (3.6)

The characteristic equation of (3.6) is given as ρ(r) = r3(r− 1). Solving for the root of ρ(r) = 0, we obtain
r = 1, 0, 0, 0.

A linear multistep method (2.4) which by extension is in (3.5) is said to be 0-stable if the root of the
polynomial p(r) = 0 satisfies the strict root condition, i.e, if all its roots lie inside the unit circle, |r| < 1
and with those on the boundary being simple, see [9].

The conditions for convergence of the method in (2.4) is such that, it must be consistent and 0-stable.
Hence the derived method is convergent, see [9].

3.1. Algorithm for solving the IDE
This section underlines the implementation algorithm for solving the integro-differential equations

using the above scheme.

INPUT VARIABLES
step 1: Initial and final points of integration interval (x0, xN);
step 2: Number of subintervals of integration N;
step 3: Stepsize for the block h = xN−x0

N ;
step 4: Number of steps in the main block: N− 1;
OUTPUT
step 5: Approximation of the integral part z(x) of (1.2) with the aid of (1.6);
step 6: Use the block in (2.4) to run the algorithm using stepsize h to obtain the values (x1,u1, z1);
step 7: while x < xN do.
step 8: Use the block to obyain values (xn+1,un+1, zn+1); Setting x = x+ h, n = n+ 1;
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step 9: end while
End

4. Numerical Examples

To illustrate computational efficiency of the derived method, we consider some problems and make
some comparison with maximum absolute error EMax defined as EMax = maxN |y(xi) − yi|.
Example 1. Consider the nonlinear Volterra-Fredholm integral equation of the form

y ′(x) = −xy(x) + f(x) +

∫x
0
(x+ t)y(t)dt+

∫ 1

0
(x+ t)2y(t)2dt, y(0) = 1

where f(x) = − 1
30x

6 − 1
3x

4 + x3 − 2x2 + 5
3x+

3
4 .

The exact solution is given as y(x) = exp (x)

Table 1: Absolute errors obtained for Example 1:
x Error (N=5) in [10] Error (N=5) in our method Error (N=7) in [10] Error (N=7) in our method
0.1 2.44× 10−5 3.471× 10−8 2.44× 10−7 1.334× 10−11

0.2 1.00× 10−4 2.41× 10−8 8.53× 10−7 2.511× 10−11

0.3 1.88× 10−4 4.21× 10−8 1.64× 10−6 3.722× 10−11

0.4 2.67× 10−4 1.01× 10−8 2.42× 10−6 1.02× 10−12

0.5 3.20× 10−4 5.24× 10−8 3.02× 10−6 4.55× 10−12

0.6 3.23× 10−4 4.22× 10−8 3.25× 10−6 3.27× 10−12

0.7 2.71× 10−4 3.11× 10−8 2.95× 10−6 2.81× 10−12

0.8 1.72× 10−4 2.22× 10−8 2.05× 10−6 2.24× 10−12

0.9 5.98× 10−5 7.13× 10−8 7.90× 10−7 2.77× 10−12

1.0 0 1.11× 10−8 1.00× 10−9 4.17× 10−12

Figure 1: showing exact solution in continuous line and approximate solution in dots

Figure 1 shows the plot of the exact solution (indicated with line) and the approximate solution (with
dots). Both formes of solution aligning shows the accuracy of the numerical scheme developed.
Example 2. Consider the nonlinear Volterra integral equation of the form

y ′(x) = 1 + 2x− y(x) +
∫x

0
x(1 + 2x)et(s−t)y(t)dt, 0 6 x 6 1, y(0) = 1

where the exact solution is y(x) = exp x2.
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Table 2: Absolute errors obtained for Example 2:
x Tau-err in [11] Esti-err in [11] Abs err in new method
N=10
0.00 0 0 0
0.20 5.72156e-12 5.68889e-12 1.65354e-14
0.40 2.38451e-08 2.33017e-08 1.15652e-10
0.60 3.18608e-06 3.02331e-06 3.00557e-10
0.80 1.04921e-04 9.54437e-05 8.12785e-10
1.00 1.61516e-03 1.38889e-03 5.31712e-09
N=15
0.00 0 0 0
0.20 1.63300e-16 1.62540e-16 1.00245e-22
0.40 1.08446e-11 1.06522e-11 4.53412e-21
0.60 7.28709e-09 6.99680e-09 2.08274e-21
0.80 7.51118e-07 6.98103e-07 7.00571e-20
1.00 2.78602e-05 2.48016e-05 1.11213e-19
N=20
0.00 0 0 0
0.20 1.00000e-19 3.60219e-22 2.62364e-26
0.40 4.46000e-17 4.40759e-17 1.45121e-25
0.60 3.39914e-13 3.29740e-13 5.00154e-25
0.80 1.95219e-10 1.84852e-10 2.35451e-24
1.00 2.73127e-08 2.50521e-08 3.22721e-23

Figure 2 shows the plot of the exact solution (as indicated with line) and the approximate solution
(with dots). Table 2 here presents the numerical results of the absolute error obtained by the proposed
method for N = 10, 15 and 20 in comparison with the method presented in [11]. Considering performance
in terms of the errors obtained, the proposed method performed better than the method in [11].

Figure 2: showing exact solution in continuous line and approximate solution in dots

Example 3. Consider the nonlinear Volterra integral equation of the form

y ′(x) +

∫x
0
y(t)dt = 1, 0 6 x 6 1, y(0) = 0,

where the exact solution is y(x) = sin x.
The accuracy of the numerical method developed is shown in Figure 3 which shows the exact solution

(as a line) and the approximate solution (with dots). Both solution agree as they are embedded. Table
3 shows comparison of the proposed method and those presented in [11] and [12] for N = 5, 10 and 15
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Table 3: Comparison absolute errors obtained for Example 3:
x Tau-err in [11] Esti-err in [11] method in [12] Abs err in new method
N=5
0.00 0 0 0 0
0.20 2.60e-09 2.54e-09 4.02e-07 1.27e-10
0.40 3.24e-07 3.25e-07 2.06e-07 4.01e-10
0.60 5.53e-06 5.55e-06 3.77e-07 9.42e-10
0.80 4.12e-05 4.16e-05 1.82e-07 4.34e-09
1.00 1.96e-04 1.98e-04 9.67e-06 2.28e-09
N=10
0.00 0 0 na 0
0.20 1.00e-10 5.33e-13 na 2.00e-15
0.40 1.00e-10 5.28e-12 na 4.27e-15
0.60 1.00e-10 1.05e-10 na 3.42e-15
0.80 2.20e-09 2.18e-09 na 1.21e-14
1.00 2.49e-08 2.51e-08 na 8.11e-13
N=15
0.00 0 0 na 0
0.20 1.00e-10 5.32e-13 na 1.02e-18
0.40 1.00e-10 4.23e-12 na 2.41e-18
0.60 0 1.41e-11 na 2.24e-16
0.80 0 3.30e-11 na 5.74e-15
1.00 0 6.33e-11 na 3.37e-15

respectively. The new method has been shown to produce smaller error when compared with the ex-
act solution y = sin(x). This shows that the present method performed favourably when compared to
method in [11] and [12].

Figure 3: showing exact solution in continuous line and approximate solution in dots

Example 4. Consider the linear Fredholm integro-differential equation discussed in [12].

y ′(x) = xex + ex − x+

∫ 1

0
xy(t)dt, 0 6 x, 0 6 t, y(0) = 0,

The exact solution is y(x) = x expx.
Table 4 shows numerical results of the present method and the method in [12] at some selected points

of x for N = 10. The present method produced smaller error as compared to the method in [12]. The
proposed method performs better at higher values of N which is a very good approximation of the exact
solution y(x) = x expx. Figure 4 shows the closeness of both the numerical and exact solutions.
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Table 4: Numerical results of the absolute error (for N = 10) for Example 4:
x Method in [12] Err in new method
0.1 1.1472e-012 2.4578e-16
0.2 8.6964e-013 5.2466e-16
0.3 na 3.8001e-16
0.4 5.5689e-013 1.2012e-16
0.5 na 2.2473e-16
0.6 4.4853e-014 7.7112e-16
0.7 na 4.1812e-16
0.8 1.0740e-012 2.2719e-16
0.9 5.4293e-011 2.0912e-16
1.0 na 8.5283e-16

na-not available

Figure 4: showing exact solution in continuous line and approximate solution in dots

5. Conclusion

A one-step second derivative block hybrid numerical scheme has been derived for the numerical
solution of first-order integro-differential equations of the Fredholm and Volterra kind. This numerical
scheme is an ensemble of linear multistep formula called a block hybrid method. The development of
the block hybrid method is via the collocation techniques and its easy to derive and as well to implement
with a simple code written in Wolfram Mathematica. This block method has been used to solve integro-
differential equation of the form in (1.1) with n = 1. The implementation process was carried out in a
step-by-step fashion in order to obtain the final approximation in the given grid interval. The integral part
has been approximated with the Simpsons 1/3 quadrature method which shows high degree of accuracy.
The accuracy of this method increases with increase in the number of sub-interval N which is evident
in the above tables of results. Comparison made of the exact solution, the proposed method and other
methods shows that the presented method is very accurate as seen from the small global error obtained.
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