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Abstract

Convey human being's information to a mathematical formulaand vice versa by a proper tool, is considered a
first step to solve the problem of assigning a membership degree (suitable value) of an object to a set by decision-
makers. Different information with its periodic circumstances highlighted the need for an extra variable to be
built into the mathematical tools. This extra variable adds a significant role to represent a special type of
information that has the same data but with a different meaningin different time/levels/phases. However, the
idea of extending the range of membership degree to unit disk in the complex plane solved this problem. In this
research, we choose bipolar multi-fuzzy information to be generalized to the complex realm using the Cartesian
form “ x + iy”. Therefore, the formal definition of complex bipolar multi-fuzzy sets (CBMFS) is introduced with
a range of membership lies in the unit square. The advantage of CBMFS is that the real and imaginary parts of
CBMFSs can represent bipolar multi-fuzzy information. Also, some basic operations and numerical examples
on CBMFS are presented and studied its properties.

Moreover, the relations of CBMFS with each of bipolar fuzzy sets (BFS) and complex bipolar fuzzy sets (CBFS),
respectively, are illustrated. Finally, two types of distances and § —equality under CBMFS are presented. Also,
some illustrative examples and properties of complex bipolar multi-fuzzy distance and & —equality are
obtained.

Keywords: Bipolar fuzzy sets, Fuzzy multi sets, Complex fuzzy sets, Complex bipolar multi-fuzzy sets.
2010 MSC: 03E72, 47540, 94D05.

1 Introduction

The set of complex numbers is considered a foundation concept in the field of mathematics and as a solution
for mathematicians to solve merits problems that cannot be solved in real numbers. Comparability, in terms of
membership functions, expanding the range of the membership function from {0, 1} to the interval [0, 1]
introduced the novel concept of fuzzy set theory. Thus, the extension of intuitionistic fuzzy set, bipolar fuzzy
set, bipolar multi-fuzzy sets, and other uncertainty sets to the field of complex numbers is essential and have a
priority to get numerous benefits from the properties and benefits of complex numbers. This may be presented
by extending the range of membership values from [0, 1] to the unit square in the complex plane with some
inheritance constraints. The benefits of complex numbers can be employed in expressing information that
occurs periodically. Several information has the same values, but these values may have different meaning at
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different times. The complexfuzzy set1.1.[22], complex intuitionisticfuzzy set1.1.[2], and bipolar complex fuzzy
sets 1.1.[4] deal with uncertainty of periodic nature. The complex bipolar multi-fuzzy set (CBMFS) is used to
represent the bipolar multi-fuzzy information that happens periodically (i.e. CBMFS deals with several values
of positive and negative memberships of uncertainty of periodic nature). However, the difficulty that lies in
presenting optimal theory has the ability to present bipolar multi-fuzzy information (uncertainty semantics)
and periodicity semantics, simultaneously, without any limitations and weaknesses. The present work solves
the weakness and limitations of bipolar multi-fuzzy information and generalizes a proper mathematical tool to
transform human knowledge into mathematical formula and vice versa with respect to two semantic
expansions (positive and negative multi-fuzzy uncertainty and periodicity semantics).

1.1. Literature Review

Vagueness, ambiguity, and uncertainty of information have been wildly proceeding to be formalized a in logical
way. In 1965, the concept of fuzzy sets (FS) was introduced by Zadeh, which is a class of objects with graded
membership functions. The fuzzy set generalizes the classical set (crisp set) by extending the membership
function from {0, 1} to the interval [0, 1]. Fuzzy sets came to convey uncertainty information to mathematical
form. So, the fuzzy sets can be utilized in an extended range of the membership function in which information
is incomplete or inaccurate. Many scholars followed, applied, generalized, and solved many problems in
multiple attributes and criteria decision-making (MADM and MCDM), engineering, medical science, artificial
intelligence, and pattern recognition by using the concept of fuzzy sets1.1.[13],1.1.[10] Fuzzy sets solves many
problems in engineering, medical science, etc.

Different generalization of fuzzy sets came in the last decades to convey and describe different cases and
types of information. For example: the concept of intuitionistic fuzzy sets (IFS) introduced by Atanassov [8], he
added a non-membership function to represent the falsity values of information besides the truth values in
fuzzy sets. But the fuzzy sets and intuitionistic fuzzy sets have limitations, which it cannot process the
indeterminate and inconsistent information. Some of these limitations were solved by introducing the concept
of a Neutrosophic set 1.1.[26]. Also, Sebastian and Ramakrishnan 1.1.[23] generalized fuzzy sets to multi-fuzzy
sets in terms of multidimensional membership functions and multi-level fuzziness. On the other hand, Zhang
introduced the concept of bipolar fuzzy sets (BFSs) 1.1.[34], the BFSs have the ability to represent human
decision-making based on double-sided "positive and negative side" described by the range of membership
function lies in [-1, 0] X [0, 1]. For example: female and male, friendship and enemy, hate and love, the Chinese
Yin and Yang system, etc. Also, a bipolar multi-fuzzy set (BMFS) was introduced by Y. AL-Qudah and N.
Hassan.

The idea of extending the range of uncertainty set from real interval [0, 1] to unit disc in the complex plane
has been widely used in different fields and applications. This extension allows a wider range to convey the
special type of information that carries two semantics (uncertainty and periodicity) simultaneously. The first
paper proposed this idea was written by 1.1.[22]. Then many researchers incorporated the properties of complex
fuzzy sets and other uncertainty sets to get a new mathematical tool with special and unique properties 1.1.[23].
1.1.[4] have used bipolar fuzzy sets in complex geometry by extending the range of bipolar fuzzy sets to the
realm of complex numbers, this extension studies and introduces intensely a new mathematical structure called
a bipolar complex fuzzy set (BCFS). The range of values are extended to [0,1]e!*[%!and [-1,0]e*[=19) for both
positive and negative membership functions, respectively, as a replacement for [-1, 0] X [0, 1] as in the bipolar
fuzzy set. The main benefit of BCFS is that the amplitude and phase terms of BCFSs can convey bipolar fuzzy
information. Moreover, the formal definition of BCF distance measure with an application has been introduced.
Some basic mathematical operations on BCFS have been proposed and studied its properties with arithmetical
examples by 1.1.[4]. On the other side, 1.1.[5] introduced the concept of complex multi-fuzzy sets (CMFSs) as a
generalization of the concept of multi-fuzzy sets by adding the phase term to the definition of multi-fuzzy sets
1.1.[23]. In other words, they extend the range of the multi-membership function from the interval [0, 1] to unit
disk in the complex plane. The novelty of CMFSs lies in the ability of complex multi-membership functions to
achieve more range of values while handling the uncertainty of data that is periodic in nature. The basic
operations on CMFSs, namely complement, union, intersection, product and cartesian product were studied
along with accompanying examples. Also, 1.1.[5] introduced the intuitive definition of the distance measure
between two complex multi-fuzzy sets which are used to define §-equalities of complex multi-fuzzy sets. 1.1.[6]
studied the truth, indeterminate, and false information all together in the form of positive and negative
structures. They applied the extending idea for each range of membership degrees into complex numbers, to
assist decision-makers in making suitable decisions. They use the polar form to represent the proposed
information. Our approach uses the Cartesian form to avoid the limitation of representing the negative
membership degree to the amplitude terms. Because the amplitude term represents the distance in the polar
form, which is contrary to the basic idea of amplitude term in the complex numbers.
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In this article, we present the notion of the complex bipolar multi-fuzzy set which is a generalization of the
bipolar multi-fuzzy set to the complex realm by using cartesian coordinate x + iy, in contrast to Alkouri
approach which uses polar coordinate (r.e'*?). This generalization conveys the properties of bipolar fuzzy sets,
multi-fuzzy sets, and complex fuzzy sets simultaneously. Also, we introduce main definition of complex bipolar
multi-fuzzy sets (CBMFSs), formal definition of distance measure and § —equalities under CBMFSs. Finally, we
represent some basic mathematical operations on CBMFSs and study its properties with concrete examples.

2 Preliminaries
In this chapter, we state the basic concepts and theorems that are necessary in this article.

Definition 2.1. 1.1.[32] A fuzzy set A in a universe of discourse U is characterised by a membership function
Ua(x) that takes values in the interval [0,1].

Definition 2.2. 1.1.[22] A complex fuzzy set A, defined on a universe of discourse U, is characterised by a
membership function u, (x), that assigns to any element x € U a complex-valued grade of membershipin 4. By
definition, the values of u,(x) may receive all lying within the unit circle in the complex plane, thus u,(x) =

T4(x). €A™ where i =+/—1, each of 7,(x) and w,(x) is real-valued, and r,(x) € [0,1]. The CFS A may be
represented as the set of ordered pairs A = {(x, us(x)): x € U}.

Definition 2.3. 1.1.[23] Let X be a nonempty set, N the set of all natural numbers and {Li : i € N} a family of
complete lattices. A multi-fuzzy set A in X is a set of ordered sequences: 4 = {{x, us (x), up (x),..., i (x),...) :
X € X}, wherey; € LY, fori € N

Remark 2.1. 1.1.[23] The function{uy = pq,HUy,...) is called a multi-membership function of multi-fuzzy set A.
If the sequences of the membership functions have only k — terms (finite number of terms), k is called the
dimension of A. Let L; = [0,1] (fori = 1,2,...,k), then the set of all multi-fuzzy sets in X of dimension k is
denoted by M¥FS(X).

Definition 2.4. 1.1.[22] A complex fuzzy complement of A is defined as follows:
A= {(e, ua(x):x € U} = {(x, ra(x).e"a®): x € U}
where rz(x) = 1 —ra(x) and wz(x) = 21 — w, (x)

Definition 2.5. 1.1.[14] let k be appositive integer. A bipolar multi-fuzzy set M in U is a set of ordered sequences
of the form:

M= {x,((ul\f,l(x),y,gl(x)),....,(ul\f,i(x),u;,i(x)),....,(ul\*lk(x), u,;,k(x))):x €u} , where uy(:U-[01]

My, (x):U - [-1,0],i =1,2,3,...,k, every uf{,,i (x) denotes for positive information and every I, (x) denotes for
negative information.

The function py = ((;11+ CINT (x)), (ugr(x),uz‘ (x)), ) (u;(x),u;(x)) is called the bipolar multi-membership
function of bipolar multi-fuzzy set M, k is called the dimension of M .

Remark 2.2. 1.1.[14] Clearly, a bipolar multi-fuzzy set of dimension 1 is a bipolar fuzzy set proposed.
Definition 2.6. (Yong Yang at el., 2014) let M € BM*F (U).
If M = {x, (0,0),(0,0), ..., (0,0): xeU},then

M is called the null bipolar multi-fuzzy set of dimensions k , denoted by 0, . If M=
{x,((1,-1),(1,-1),..,(1,—1):x € U}, then L is called the absolute bipolar multi-fuzzy set of dimensions k,
denoted by 1.

Definition 2.7. 1.1.[4] If A and B are BCFSs in a universe of discourse X, where :
A= {(x,r} (x). el Wi® ro(x).elwa®) . x € X}
B = {{(x,7 (x).eiWE® 1= (x).elews 0): x € X}

Then
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1. AcB ifandonlyif r}(x) <ry(x),ry (x) =15 (), wi(x) < wi(x) and w, (x) = wg (x) for all xeX.
2. A =B ifand onlyif rAJ; (h) = rgj (h), ry () =15 (%), wf(x) = wji(x) and w,; (x) = wg (x) for all xeX.

3 Complex Bipolar Multi-Fuzzy Sets

The main idea is concluded by generalizing the range of membership functions of BMFS from [0, 1] to unit
square in the complex plane. This section contains two parts; in section 3.1. the motivation is introduced for our
study. Consequently, the formal definition of complex bipolar multi-fuzzy sets is presented and formalized in
section 3.2.

3.1 Motivation and expected applications

The novel concept of CBMFS can be divided into two parts, which are pure mathematical motivation and
meaning motivation.

The mathematical motivation can be crystallized by applying the historical idea of extending the set {0, 1}
to [0, 1], then to complex numbers in different uncertainty sets. This extended idea can be noticed in the
uncertainty sets, specifically in the range of membership functions. For instance, the range of membership
function of the crisp set was extended from {0, 1} to [0, 1] to create a fuzzy set. After that the range [0, 1] in FS
was extended to {a:a € C: |a| < 1} (i.e unit disk in C) to create a complex fuzzy set. Also, in an intuitionistic
fuzzy set, the range of membership and non-membership was extended from [0, 1] to unit disk in the complex
plane to create (CIFS), for both membership and non-membership rang. This idea was widely applied in several
uncertainty sets to create CBFS, CMFS, CFSS, and others.

Several uncertainty sets are not yet developed to be in the complex realm. This helps us to discover the
present work and introduce the novel concept of CBMFS with its suitable mathematical structure and logical
steps to create the formal definitions, basic operations, and properties by satisfying inherit conditions to extend
BMEFS to the unit square in the complex realm.

Undoubtedly, the reason of diversity and abundance of uncertainty sets refer to differences of abilities and
representations to convey human being information or data to a mathematical formula and vice versa.
Therefore, the meaning motivation reflects a great affect to choose and create a suitable uncertainty sets to
convey human being information or data. The complex realm was added to uncertainty sets to get more range
of membership functions. This extrarange is covered the ability of representing the phase/ level of information
to cover the full meaning of data besides to the represented information itself, (i.e convey uncertainty and
periodicity information). So, CBMFS represents the information with properties of representing element/ object
that satisfy the property and implicit counter property in k-dimension with respect to its phase/level. In other
words, the positive real part represents element/ object that satisfies the property and the positive imaginary
part represents the level/phase has been measured to the element/ object that satisfy the property for each
dimension. Also, the negative real part represents element/ object that satisfies the implicit counter property
and the negative imaginary part represents the level/phase that has been measured to the element/ object
which satisfies the implicit counter property for each dimension. As a conclusion, CBMFS has ability to convey
BMF information to mathematical formula and vise versa without losing the full meaning of BMF information.

3.2 Formal definition of CBMFS

In this section, anovel concept of complex bipolar multi-fuzzy set is introduced and studied. Some remarks
are added to confine representations for some cases of real and imaginary parts. After that, some numerical
examples are presented. Also, the inclusion definition between two CBMFSs are presented with illustration
example.

Definition 3.2.1. let k be appositive integer. A complex bipolar multi-fuzzy set L in H is a set of ordered
sequences of the form:

L= {h, ((ujl(h), RO (u[j(h), u;j(h)), oo (it 0.1, (h))) ‘he H} . where u (0):H ~[0,1] +

i[0,1], [ (h):H - [-1,0] + i[-1,0]. The values of positive information may be denoted by ,uzrj (h) = TL+,- (h) +
iw,fj (h), and negative information may be denoted by u[j (h) = TL_j (h) + iwL‘j (h), for each j = 1,2,3, ...,k and
take values lies in the unit square in the complex plane, where i =v—1 , each of r,f;, (h) and w ,j’] (h) belong to
[0,1], while i (h) and wr, (h) are belong to [-1,0]. The  function y; =
((uf (h),puy (h)), (u; (h), p5 (h)), e (u,j (), p (h)) is called a complex bipolar multi-membership function of
complex bipolar multi-fuzzy set L, k is called the dimension of L .

In fact, a complex bipolar multi-fuzzy set can be reduced to be bipolar multi-fuzzy set by letting both
positive and negative imaginary parts equal to zero in complex bipolar multi-fuzzy sets. The set of all complex
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bipolar multi-fuzzy sets of diminution k in H is denoted by CBM*F(L).
The imaginary part may denote the BMF information, so positive and negative imaginary part values in
this demonstration case belong to [0,1] and [-1,0] respectively. Also, they satisfied BMFS constraint.

Remark 3.2.1. In a BCFS
L={hut,(0) = r},(0) +iw} (0,17, (W) =77, (0) +iwg (W):h € H}

(1) Ifboth rL+j (h) and () (forallj=1, 2, ..., k) equal to 0, thenit’s the circumstances that h is observed as
neutral having no positive or negative satisfaction for L with effected by any periodicity semantics
value of sz (h) and w, ; (h).

2 I rzrj (x) # 0 and r,; =0, then it’s the circumstances that h is observed as having only positive
satisfaction for L , with respect to affected value of w,’jj (h).

3 If rzrj (h) = 0and r7(h) # 0, then it is the circumstances that h dose not satisfy the property of L , but
somewhat satisfies the counter property of L, with respect to affected value of wi, (h).

4 If rzrj (h) # 0and L (h) # 0, then the membership function of the property overlaps that of its counter
property over some portion of the domain, with respect to affected values of szj (h) and
Wi, (h),respectivly.

Remark 3.2.2. If ST¥_, (/" () + w;* () < 1 and %, (17 ()) + w7 () 2 =1, VA € H, then L of dimension k
is called a normalized CBMFS. Otherwise L is non-normalized.

Definition3.2.2. let L € CBM*F(H).

fL={h O+i0-10),(0+i0—1i),...,(0+1i0—i): heH}, then L is called the null complex bipolar multi-fuzzy
set of dimensions k, denoted by 0.

IfL ={h ((1,-1),(1,-1),..,(1,-1): h € H},(i.e, positive and negative imaginary parts equal to zero), then L is
called the real part of complex bipolar multi-fuzzy set of dimensions k, denoted by 1;.

IfL ={h, (G, —0), (i, —1),.., A —i):h € H},(i.e, positive and negative real parts equal to zero), then L is called the
imaginary part of complex bipolar multi-fuzzy set of dimensions k, denoted by i,.

Definition 3.2.3. let k be a positive integer and let 4 and B be two complex bipolar multi-fuzzy sets in a
universe of discourse H of dimension k given as follows:
A={h, (rAJ;(h) + iWA';(h),TA;(h) + iwA‘j(h)): h€eH,j=1273,...,k}
B ={h, (rBJ;, ) + ing(h),rgj v+ iwg, (R):h€H,j=123,...,k}
Then:
1. Ac B if and only if rAJ;_(h) < rgj(h) ,rA‘j(h) > rB‘j(h), WA+], < w,;;, and Wy, 2 Wg, for all heH and j =
1,2,3, ..., k.
2. A = B if and only if rAJ;, (h) = r,;*j ), iy (h) = "5, h, wA+j (h) = ng (h) and Wa, (h) = Wg, (h) forall heH and
j=123, ...k

Example 3.2.1. let L = {h,((0.4 + i0.5,(—0.1 + i(—0.4)))), ((0.9 +i0.1, (—0.2 + i(—0.6))))}. then the geometric
graph of a CBMFS is given by Graph (1)

14 = 4
1.2

08 |
056 |
0.4 4 *ui(h)
02 4

v e ————T —
02,,§ 02 04 06 otz 15 14
04 -
06 qur(h)

Pz ()

-12 o
Graph(1) 14 ¥
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4 Basic operations on CBMFS

In this section, the basic operations; complement, union, and intersection are presented and formalized based
on the CBMFS. Also, some numerical examples are presented separately for all operations. Finally, relations
and properties combined these operations are principally proved.

Defenition 4.1. Let L be a CBMFS, where L is given as:
L={( (5 ) + iwi, (0,75, () + i, W), ., (rL’; (h) + iw, (1), 7 (1) + i (h)) ,

o () + i, (0, 7,00 + w, ()) :h € H) for each j =12, k

Thus, the complement of L, denoted by L¢, defined as

1 = ({1 (i, 00 + twt, @)z, () + iwiz, ),

(r;c]_ (0) + iws (), 7z () + g (),

o (rLJEk(h) + iWL+ck (h), e, () + iwL_ck(h))> the H} foreachj =12, ..,k

where, rt(h) = 1 =1t (h), rc(h) = =1 — 1 (h), w(h) = 1 —w/ (h), and
j J J J J J

WL_j- (h)=-1- WL_]- W]

Example 4.1. Let L be a CBMFS. Consider
L = {(hy,(0.4 + i0.25,—0.3 + i(—0.5)), (0.3 + i0.375,—0.2 + i(—0.625) ), (0.2 + i0.5, —0.1 + i(—0.75))),
(hy, (0.5 +i0.2,—-0.4 + i(—0.25)), (0.6 + i0.325, —0.3 + i(—0.575)), (0.7 + i0.5, —0.2 + i(—0.525)))
(h3, (0.6 +10.175,—0.5 + i(—0.25)), (0.7 + i0.425,—0.4 + i(—0.675)), (0.8 + i0.325,—0.3 + i(—0.575))): h;
€ H}for eachj=12,..,k
Thus the complement of (L) may be given as follow:
L¢ = {(hy,(0.6 +i0.75,—0.7 + i(=0.5)), (0.7 + i0.625,—0.8 + i(—0.375)), (0.8 + i0.5,—0.9 + i(—0.25)))} .
(hy, (0.5 +i0.8,—0.6 + i(—0.75)), (0.4 + i0.675, —0.7 + i(—0.425)), (0.3 + i0.5, —0.8 + i(—0.475)))
(hs, (0.4 +i0.825,—0.5 + i(—0.75)), (0.3 + i0.575, 0.6 + i(—0.325)), (0.2 + i0.675, —0.7 + i(—0.425))): h;
€ H}for eachj=12,..,k

Definition4.2. Let A and B be two CBMFS on the universe of discourse H, with positive and negative complex-
valued membership functions such as:

A ={{h, (i 0 + w0,z () + iz, ()., (r,;; (B) + iwj (), i () + i, (h)),
e (14, (1) + 1w, (R), 75, (W) +iwg, (R))):h € H}foreach j = 1,2,...,k . and
B = {(h (1 () + iw, (), 75, () + iwz, (D)) ..., (rgj () + i, (), 5 ()
Fiwg (), (7, (1) + iwid, (), 75, () + iz, () ) ) € )

foreachj=12, ..,k
The CBMFS union of A and B denoted by A U B, is specified

(h (rA+U31 (B) + iwjp, (W), T, () + Wi, (h)) , )
AUB = 1 (r;UBj (0 + i (1), s, () + iz (h)), ‘heH }
U (it (B) + iw i, (), 7, (B) + Wi, () )

foreachj=12, .., k.
where, 75,5, () = max [r, (0), 7, (D) | i 5, (B) = min [ (), g ()]
w,ius, (h) = max [W;j (), wg, (h)] and wip, (h) = min [WA_], (), wg (h)]

Example 4.2. Let Aand B be two CBMFSs in the same common universe H, suppose that 4 =
{(h, (0.2 +i0.5,—-0.8 4+ i(—0.3)), (0.7 4+ i0.35,—0.3 + i(—0.5)), (0.1 4+ i0.75,—0.6 + i(—0.15)))}
B = {{(h, (0.1 +i0.15,—0.7 +i(—0.8)), (0.8 +i0.35,—0.6 + i(—0.65)), (0.4 +i0.2,—0.9 + i(—0.35)))}
For the CBMF union, we have
_(/h, (0.2 +1i0.5,—0.8 +i(—0.8)), (0.8 +i0.35,—0.6 + i(—0.65)),>_ }
AUB = {( (0.4 + i0.75,—0.9 + i(—0.35)) theH .
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Definition4.3.Let A and B be two CBMFSs on the universe of discourse H, with positive and negative complex-
valued such as:

A= {( (1t () + iw (), 1 () + iwgs (), (s () + iw, (), 7 () + iwz, (R)),
o (rAJ;((h) + iwA+k (h), Tar (h) + Wy, (h))). h e H}for eachj=12,..,k.and
B= {( (s () + iw, (), 75, () + iz, () .. (rB"]_ (h) + iwyf (), 75, ()
+iwg, (), ., (1, (0)+iwg, (0, 75, () + vz, () h € H) for each

j=12, ..,k
The CBMFS intersection of A and B, denoted by A N B, is specified by

by (T, () + Wi (), i, () + Wy (),
AN B = (1, (1) + o, (1), i, () + o, () ). | e
U (T (B) + i (B), T (B) + Wi, () )
foreachj=1,2,..,k.
where, rA+nB (h) = min[ +(h), s (h)] Tans; (h) = max [rA (h), 75 (h)]
WAnB (h) = min [W (h),wj (h)] and WAnB (h) = max [WA (h),wg. (h)]

Example 4.3. Let Aand B be tow CBMFSs in the same common universe H, suppose that
A= {(h, (0.2 4+i0.5,—-0.8 +i(—0.3)), (0.7 + i0.35,—0.3 + i(—0.5)), (0.1 + i0.75,—0.6 + i(—0.15)))}

B = {(h, (0.1 +i0.15,—0.7 + i(—0.8)), (0.8 +i0.35,—0.6 + i(—0.65)), (0.4 + i0.2,—0.9 + i(—0.35)))}.

For the CBMF intersection, we have

h, (0.1 +i0.15,—0.7 +i(=0.3)), (0.8 +i0.35,—0.3 + i(—0.5)),\ .
ANE = { (0.4 +i0.2,—0.9 + i(—0.35)) ) 'hEH}‘
Theorem 4.1. Let A, B and D be any three CBMFSs. Then the following are true statements:
i (A% =
ii. AUA = A
iii. ANA=A
iv. AUB=BUA
V. ANB=BnNA
Vi. Au(BnD)=(AUB)Nn(AuUD)

Vii. An(BUD)=(ANB)U(AnD)
viii. AUu(BUD)=(AUB)UD
ix. An(BnNnD)=ANB)ND

Proof:
i) Let A be a CBMFS, given as:

A= {< (1t Wi, (), 7, () + i () (r;j (0) + iwj (), i () + i, (h)),
,(rAJrk (h) + iwA+k (h), g, (h) + iwg, (h))> the H}for each j = 1,2, ...,k ,by using definition 1, we get
AC = {(h ((1 — () + 1 = wit, (), (1= 7 () +i(~1 - wA‘l(h))),
(( =1 0) + i = wi (), (<1 75 () + (-1 - WA—J,(h))>,...,

(17, ) + i@ = wi, (), (~1 =7 ) + i(=1 = wi, () s € B}
foreachj =1.2,..,k, by using definition 1 again, we get

[1-(1=nt )]+ il - @ - wi @) )
[-1-(-1-mm)|+i-1- —1-wz 1)
1= (1=t )] + i1 - @ - wi ()],
[-1- (=1=r5®)] + i1-1 - (-1~ w ()]
[1- (1= )]+ - @ —wi ()],
[-1=(=1=r )] +il-1 - (=1 = wj, ()]

(4% ={|n,

) eeny

theH ;=4
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,foreachj=12, ..,k
if) Similar proof to (i).
i)  Let
(h (i () + iw i, (0,77 () + iwg, (), )
A= i (i, ) + i (), i ) + iz, () >

o (1t (B + iw, (), 75 () + i, (h)
by using definition 2, we get
AUA= {h (max[r (h),r] (h)] + imax [WA1 (h),w/ (h)] mm[rA1 (h), T, (h)] + lmm[wA1 (h), W (h)]),

., (max |1 (), 7 (h)] + imax |wjt (), wj (h)] min [y (0, 7 (D] + imin [wi (), wz (0)]),
- (max [rAJ;( (h), rAJfk (h)] + imax [WA+k (h), WA+k (h)], min [rA‘k (), Ty (h)] + imin [WA_k (), W, (h)])}
= {{R (s 0+ w3 ), 7y ) + 0 ) (7 0 v (0,75 () + s 1)),
(1 O+ w0, () + i () ) s € H) = A, for each j =12, .,

:he Hf foreachj=1,2,..,k,

iv) Similar proof to (iii).
V) Let
A= {( (rit () + i, (), () + iwy, (h)) (rA’; () + iwt (), 75 (h) + iwy, (h)),
(r (h) + lWAk (h), Tir (h) + lWAk(h))) he H}for eachj=12,..,k and
B = {{1 (7, () + i, 00,75, () + iz, ), ( () + i, (), 5, (0) + i () ),

e (15, () + iwg, (R), 75, () +iwg, (R))): h € H}for each j = 1,2, ..., k,

L.H.S by using definition 2, we get
AUB = {h (max[r (h), 75 (h)] + Lmax[WA1 (h), wg (h)] mm[rA1 (h), T, (h)] + lmm[WA (h), wBl(h)]),
(max [rA (h), g (h)] + imax [WA+ (h),wg. (h)] min [rA (h),rg. (h)] + iamin [WA (h), WB (h)D

. (max[rAJ;c (h), r,;;c (h)] + imax [WA+k (h), WBk (h)] mm[rAk (h), g, (h)] + imin [WAk (h), wg, (h)]) }
heH
R.H.S by using definition 2, we get
BUA= {h, (max[rg'1 (h),rA"1 (h)] + imax[wl;'1 (h),WA"1 (h)], min[rB‘1 (h), Ta (h)] + imin[wB‘1 (h),wA‘1 (h)]),
. (max [rg (), 7 W] + imax [wit, (), wi W], min [ry (W), 77 (W] + imin [w (W), wi (B)]),
) (max[er ), r; (h)] + imax [WBk (), w, (h)] mm[er (), 74, (h)] + lmlTl[WBk (h), wy, (h)]) }
' heH

foreachj=12,..k
Thus; RHS=LH.S (i.eAUB=BUA)

vi) Similar proof to (v).

Theorem4.2. (De Morgan's law) Let A and B be CBMFSs. Then

i. (AUB)® = A°n B°,
ii. (ANB)¢ =A°UB°.
Proof:
i)Let

A= {(n () + w0,y () + iwg, ), (1) + i (), i ) +
iy (h)) (it () +iwg, (), () + w, (h))> :h € H}and

B = {{, (it (0 + iwi, (0,7, () + i, (), (7 ) + w00, 5, () + v ) ),
(rg’ (h) + iwg, (), 15, (h) + iwg, (h))) h € H}foreachj=1,2,..,k,
then by using definition2, we get AUB = {h (max[r (h),r3 (h)] + lmax[w (h),wj (h)] mm[rA (h), g, (h)] +
me[wA (h), Wg, (h)])
(max [rA (h), 5" (h)] + imax [WA+ (h),wg (h)] min [rA (h),rg. (h)] + imin [WA (h), Wp, (h)])
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(max [rA‘; (h), r,;( (h)] + imax[wjk (h), W;k (h)], min [rA‘k (h), 73, (h)] + imin [WA_k (h),wg, (h)]),}

Now, by using definition 1, we get (AU B)¢ = {h, ((1. ETECZIC[TAJZ (h), rB‘: (h)]) + i(l — max[wA‘L1 (h), wgl (h)]),
(-1 - min[rA‘1 (h), Tg, (h)]) +i(—1— min[wA‘1 (h), wg, (h)])),
o (1= max |1 (), (W] + i (1 = max [wy (W), wi (W],
(=1 —min[r; (0,75, (W] + i (=1 = min|wy (W), wz, W)])),
((1 — max [rAJ;( (h), rB’; (h)]) + i(1 — max [WA’;( (h), ng (h)]),
wo (=1 — min[rA‘k (h),rB‘k (h)]) +i(—1— min[WA‘k (h),WB_k (h)])): =
min [7‘A+c1 (h),rge, (h)}j f— gnin[w;1 (h), wge, ],
(max [TA_cl (h), The, (h)] + imax [WA'C1 (h), Wpe, (h)]) ’
min [rf (W), r (D] + imin [wi (B), wge ()],
max [rA_cj (h), rB_C]- (h)] + imax [W A_cj (h), WB_cj (h)] '
" (min [rA*;k(h), rgck )] + imin[WAJ“ck (h), w;ck ),
'<max [rA_ck(h), The, ()] + imax [WA_ck (h), WB_ck(h)]> hed
=A°NBS¢ foreachj=12, ..,k

ii) Similar to (i).

5 Conclusion

We have successfully implemented and found a proper mathematical tool to deal with special data and the
ability to represent the bipolar multi fuzzy uncertainty into the imaginary parts. This special data has two
semantics: bipolar multi fuzzy uncertainty semantic and periodicity semantic with the ability to be represented
as bipolar multi fuzzy data. The novelty of CBMEFES appears in its ability to consider multiple values of positive
and negative membership functions with k dimension in more detail than BMFS, CFS, and CBFS as illustrated
in section 3.2. Also, the CBMFS represents the belongingness values that satisfies the property and implicit
counter property for any object for both uncertainty and periodicity semantics in k dimension. On the other
hand, both CBMFS and CBFS reduce to conventional BMFS and BFS, respectively by omitting the imaginary
parts in CBMFS and phase term in CBFS. We should mention that the presented approach has a limitation in
representing the truth, indeterminate, and false information simultaneously. This limitation highlighted the need for future
research to incorporate our approach to the Neutrosophic sets. Also, as future research, we may combine our approach to
Hypersoft sets to avoid the disability of handling data that can be formulated as several trait-valued disjoint
sets which blend to various traits (see 1.1.[7]).
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