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Abstract

In this paper, we consider a modification of the Newton's method which produce iterative method with fourth-order of
convergence have been proposed in [4] and obtain new methods with ( seventh or eighth )-order convergence for solving
non-linear equations. A general error analysis providing the higher order of convergence is given. Per iteration the new
methods require one additional evaluation of the function. Numerical examples are also included the performance of the
new methods.
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1. Introduction

Newton’s method for the approximation of the root & of a nonlinear equation (or system of non-linear

equations) is well known, in paper [6] Newton’s method may be seen as the approximation of the indefinite
integral arising from Newton’s theorem

f(x)=f(x,)+ Tf’(t)dt (1)

by using the rectangular rule (the Newton- Cotes quadrature formula of order zero) for the computation of the
integral in (1).

If’(t)dt;(x—xn)f'(xn)

And, looking for f(x) = 0, we obtain the new value

_fx0)

Xn+1 =Xn f’(X )
n

(2)

Some new modified Newton's methods with third-order convergence have been developed in [1,2,3,6], by
considering different quadrature formula for the computation of the indefinite integral of (1).
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Weerakoom-.Fernando [5] used the trapezoidal rule to compute the integral of (1) to obtain the implicit
method
f(x,)

Xog =X, —2 2

i " f'(xn+l)+f’(xn) ( )
and, replacing f'(X,,,) with f'(X},,); where x; , =
they obtained the explicit with third-order convergence:

x, —F(x,)/f'(x,) is the classical Newton's iterate,

f(x,)
Xna =Xp — *
F(x.) +1(x,)
©)
. f(x,)
Xna =Xp —
f'(x,)
The midpoint rule for the integral of (1) gives that [3]
oy f(x)
T ((x, + x5, )/2)
(4)
RV (D

n+l Xn '

f'(x,)
For any quadrature formula of order higher than zero to approximating the integral of (1), the following
theorem gives that modified Newton's methods have third-order convergence [3].

Theorem 1.1 The modified Newton's methods obtained by approximating the integral by the quadrature

formula of order at least one, and writing the explicit form the obtained implicit method by replacing X, .,
. % . % f

with X; ., given by xjiy1=xp— ((12))

is, if & isasimple root of f(X,), of order three with

2
@l o 131
90 (=) hi‘\' i 1}2@ '(e:)j

where g, (xn):xn—mf(én), 7 =Xn—1i (Xn+1-Xn), 7; are the knots, in [0,1], and A, are the weight of the

XA

i=1

guadrature formula used.

But, in [1] instead of using the Newton’s theorem for y = f(X) , Homeier uses it for the inverse function x(y)

X(y) = X(y,) + [ x'(t)dt

Yo
to obtain a class of cubically convergent type methods, the best efficient one of which is

Xnaa =X, _f(xn)[ L + 1* j (5)
2 f’(xn) f,(Xn+l)

And, in [2] they considered the approximation of the indefinite integral (1) on a new interval of integration
arising from Newton’s theorem

f(x)="f(y,)+ [f'(t)dt.

i ©)
wherey, =X, +f(x,)/f'(x,).
by using the mid-point rule to approximate the right integral of (6)
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T X +
[Fdt= (x—y,)f (Ty] @)

Yn

A general implicit method is then obtained by approximating the integral in (6) by the mid-point rule (7) and
looking for f (x) =0, so that we have

flyn)
(% +Ya)/2)
we can obtain an explicit method by replacing f'((xn+1+yn)/2) with f’((xf1+1+yn)/2); where

*

Xna=Yn—

X;., =X, —f(x,)/f'(x,) they obtained the explicit with third-order convergence:
f(x, +f(x,)/f'(x,))—f(x
M (IS (CRTIHCH (GO ) -
f'(x,)

Theorem 1.2 Assume that the function f:DcR—R has a simple root £eD , where D is an open interval. If
f (x) has first, second and third derivatives in the interval D, then the methods defined by (3), (4), (5), and (8)
converge three to & in a neighborhood of £, and satisfy the following error equation:

ens1=0eR+0 ).
Where a):C22+%CngI’ method (4), a):CZZ—%CngI’ method (5), w=C2-C3 for method (6), and w=2c2-2c3 for
method (9). [1,2,3,5]

Kung[4] developed a one-parameter family of fourth-order methods, which written as
f(x,)
(x,)’
N _{ f(x,)+ B F(y,) }f(yn |
f(x,) = (B-2)F(y,) |F'(x,)
where £ is a constant. In particular, the special method for =—1/2 is as follows:
f(x,)
(X))’
‘- n_{Zf(xn)—f(yn}f(yn).
2f(x,)—5f(y,) |f'(x,)

Yo =X,

Yo =X,
9)

In this paper, we will present two new modifications of modified Newton’s methods with fourth- order
convergence by using Newton’s theorem for the function f(X) on a new interval of integration, and obtain a

higher order methods.

2. A new modifications of Newton’s method and analysis of convergence

To derive the new method, we consider the computation of the indefinite integral on a new interval of
integration arising from Newton’s theorem

f(x)=f(z,)+ If'(t)dt. (10)

Zna
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by using the rectangular rule to approximate the right integral of (10) we have
f(z

Xo =24y — ,( n) .
f'(z,)

(11)

where z | is the above modification of Newton’s method (9).

As we can see, this method consists of three evaluations of the function and two evaluations of the first
derivative per iteration, which has efficiency index 1.5157. In order to obtain high efficiency index, we

approximate f'(z,) using Lagrange's interpolation polynomial [5] as follows:
, (z, —¥n) (z, —X,)
f — n n f n n f
) =y -2 O ks -2 O
(Zn _Xn)+(zn _yn)f(zn)
(Zn _Xn)(zn _yn)
(Zn _Xn)zf(yn)+(yn _Xn)(yn _Zn)f(zn)_
_ L0y, -2,)°f(x,) = (y, —x,)(z, —x,)f(z,)
(yn _Xn)(yn _Zn)(zn _Xn)

(12)

Theorem 2.1. Assume that the function f :-DcR—R has a simple root £ € D, where D is an open interval. If

f(x) has first, second and third derivatives in the interval D, and z, is defined by (9) satisfies

2 3 .4 2,5
203 +§C2 —2C3)en +

(-12CCg ~7CC 4 +3C2C, +6C.C —%ch)eg o))
and e, = X, — &, then the method defined by (9) and (11) are of eighth-order
en1-CCE§ 0 ).
while the method defined by (9 ), (11) and (12) is of seventh-order
en+1=-C2CZef+0@f)
Proof: let £ be asimple root of f(x)(i.e., f({)=0and f'({)#0 )and e, =x, <.
Using the Taylor's expansion, we have

F(x,) =F(O) +F'(Q)e, + "6l + ZT7(2)el 41T Vel +

4
2, —E=-C,Che +(-20,C,+2C

lf@ef, +1f(6’ (&)l +0(e]) (13)
5l o!
= f’((f)[en +C,e2+Cpel+C,el+Cee’+Ceel + O(e;)]
0)
where C, :lm
il (&)
furthermore, we have
f('x,) =f'(&)L+2C,e, +3C,e2 +4C,e% +5Ce! +6C,e2 +7C,es +0(e!) | (14)

From (11), (13) and (14) we have
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f(z,)
Xn+l = Zn - fy
(z,)

=2, -|@2, -9+ (2, -&)C, +(z, - £)°C, +0()x
i+ 2@z, - &)C, +3(z, - &)°C, +0()[*
2, -z, - &) + (2, - £)°C, + (2, - £)°C, + O(€™)
[L-2(z, -£)C, +(4C2 -3C,)(z, - &) +O(ed)] (15)
=2, -z, - &) - (z, - &)*C, + OE?)]
Thus,
e, = (2, ~£)2C, + O(e?)
=C3CZe® +0(ed).

Equation (15) illustrates that the modified Newton’s methods (11) have eighth-order convergence.
Now, again dividing (13) by (14)

:E,);" )) =€, —Czeﬁ +<2C§ —chki +(_ 4C§ +702(:3 _3(:4)3;1 +

(8C? —20C2C, —6C2 +10C,C, —4C, % + (16)

(—16C§ +52C§C3 -28C:C, +17C,C, —33C2C§ +13C,C, —5C6)ei +0(e))
using (16) we obtain

_y _f&a)
TR )

e, -Cel+(2C; -2C,)e7 +(-4C; +7C,C,-3C, Jes +
=£+e, —|(8C, -20C;C,~6C; +10C,C,—4C, )e; +
(-16C; +52C;C, -28C;C, +17CC, -33C,C; +13C,C, ~5C, Je; +O (¢/)
=£+C el +(2C,-2C])ed +(4C; -7CC,+3C, Jer + (17)
(-8C, +20C;C,—-6C; -10C C, +4C, Je; +
(16C; -52¢C,+28C;C,-17C,C, +33C C; -13C,C, +5C, Je; +O (€,)
by considering (17) we have the Taylor's expansion of
[C,e? +(2C, —2C2? +(5C2 - 7C,C, +3C, e +
(~12c? +24C2C, —6C2 ~10C,C, +4C, % +
(28C3 - 73C3C, +34C2C, —17C,C, +37C,C2 —13C,C, +5C, k2 +
| O(e,)

fy,)=1(2) (18)

Using (13), (14) and (18) we obtain
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Z, =y — 2f(Xn)_f(yn) f(yn)
TN 2f(x,) - 5F(y,) [F(x,)
_£-C,C,e" +(-2C,C, +2CC, +gcg —2C2)e’ (19)
+(~12C,C, ~7C,C, +3C2C, +6C,C? —3745C§)eﬁ +0(e?)
by considering (19) we have the Taylor's expansion of
-C,C el +(-2C,C, +2CiC, + gc;‘ —2C2)e; +
f(z,)=f(£) (-12C,C, -7C,C, +3CiC, +6C,C3 —%Ci)eﬁ +
O(e)

now, form formulas (13),(17),(18),(19), and (20) we have

(Z, =%, (y,)=

Cel+(2C,-2C7)e’+(5C,)-7CC,+3C,)e’ +
+(~12C ¢ +26C.C2~6C2 ~10C,C, +4C ) +
25C° -81C C2+38C,C2-17CC, +
[4502c;—13c2c5+5c6

}ef +0 (e’

)

. —x)(Yo—2,) (zn>=c§cse1+(zc405+4czc§—scsc§—§c§)e:+0(e:)

(Vo -2,)f (x,)=

(yn _Xn)(zn _Xn)f

=
_(zn _Xn)z‘f (yn)+

(yn _Zn)zf (Xn)_

6|Page

(yn _Xn)(yn _Zn)f (Zn)_

(Vo =x)@Z, =X (Z,) ]

Cje, +(-3C;+4C C,)e;

+(8C, -15CC2+4CZ+6C.C e/ +
2P +52C Cl-1IC CE-12CC, —
24C C2+8C.C,

(z,)=

}ef +

a1
4
45C2C32—3(32C5

Ci+2CCi+5C,CI-TCC, +

(-§c; +39C C2-8C2-14C.C,

-CCe’ +(gC24 +3CCZ-2C2-2CC el +

(20)

O(e,)

e, +0 ;)

=Ce!+(2C,-3C e’ +(8C-10CC,+3C,)e’ +

(1)

+4C,)e! +0 (e?)
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And
(yn _Xn)(zn _Xn)(yn _Zn) = (:2e:11 +(2C3 _ch)e?\ + (8(:3 _10C2C3 +3C4)eﬁ +

43
(= C3 +40C,C; ~8C; ~14C,C, +4C,)e] +O(e}) 22)

from equations (20), (21) and (22)
(Yo =%)(Ys —2,)(Z, —%,)f(z,)

K T L X))+ (Y~ X) (Y —20)F(Z0) — (¥~ 20)2F(X,) — (Ve — X2 )(Zo — X )F(2,)]
=z, —[(zn —&)+(z, —£)°C, +(z, - £)°C, +0(e®) [x L+ C,C2e? + O(e") |
2, -z, -5+ C.Cyz, - O)ed + O]

Thus,

€ = C3C§ (2 — f)eﬁ + O(ei)
=-CiCZwe! +0(e?)
Equation (23) illustrates that the modified Newton’s methods (12) have seventh-order convergence.

(23)

Now we develop second modification of the method defined by (9 ), (11) and (12) to restore order of
convergence eight.
Let us take the following parameter

B (Yo ~X)V0 —2,)(z, —X,)f (z,)

R {(zn—xn)Zf(ymﬂ(yn—xn)(yn—zn)f<zn)—
(Vo —2,)7F(x,) = (Y, —X,)(z, —%,)f(z,)

Znzyn_{2f<xn)—f(yn)}f(yn)
2f(x,,)—=5f(y,) |f'(X,)

f(x,)
f(x,)

Yo =X, —

Here, b is yet to be determined. Now, it will be shown that, for appropriate value of parameter, the method
defined by (9 ), (11) and (12) converges with order 8 in the vicinity of root.
Again by (21) and (22)

(Yo =%)(Ya —2,)(Z, —%,)f(z,)
"l X))+ 6 =X —2)F (20) = (Ve — 2,07 F () = (Y, = X,)(Z, — %) (2,)]
42— B)C,Cle] (77—3ﬂ)C2C3+(1O—7ﬂ)0302+(4,6’—17)C3C4C2
(6ﬂ—12)C2C§ +24C,C?
If we choose £ = 2, we have the eighth order method, with the error at becomes

X

N+

» +O0(er)
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e,,, =|71C5C, +-4C2C3 —9C,C,C2 +24C,C2 k2 + O(e?)

Now for generating a new modification of the Newton's method with seventh -order convergence, we suggest
the following scheme:

X =Z _ (yn_Xn)(yn_zn)(zn_xn)f(zn) ’
" ! |:(Zn_xn)2f(yn)+ﬂ(yn_Xn)(yn_zn)f(zn)_
(yn _Zn)zf(xn)_(yn _Xn)(zn _Xn)f(zn)
sy [ 210, )
T L2f(x,) =5 (y,) [T(x,)
_fx,) (24)
f'(x,)

Yo =X,

Also for the modified Newton’s method with eighth-order convergence, we suggest the following iterative
scheme :

X —7 (yn_Xn)(yn_zn)(zn_xn)f(zn) ,
" {(zn =X, ) F(Ya) + 20y, — XY, ~2,)F(2,) -
(yn _Zn)zf(xn)_(yn _Xn)(zn _Xn)f(zn)
z =y - 2f(Xn)_f(yn) f(yn)
T L2f(x,) - 5F(y,) JF(x,)
~ f(x,) (25)
f'(x,)

yn :Xn

3. Numerical examples

In this section, we consider some numerical examples to demonstrate the performance and the efficiency of
the modified Newton’s methods with ( seventh or eighth )-order convergence. All computations were done by

c™.
The following test functions have been used with termination criterion [f (xp,)|<1071° .

8|Page



Science Reflection (SR) Vol. 1 (1), 2016

www.sciencereflection.com General Letters in Mathematics

Table 1. Results of the Modified Newton's Methods with Seventh Or Eighth Order Convergence.

£(x) X, C-NM mNm (9) | mNm (24) | mNm (25) Root
n m|n|m|n|m]|n | m ¢
x34+4x2_10 |03 | 54 [108| 6 [ 18 | 18 | 54 | 5 | 15 | 1.36523001341410
025 | 25 | 50 | 8 [24] 6 | 18| 5 | 15
025 | 8 |16 | 6 | 18| 5 [ 15| 5 | 15
1 5 |10 3] 9 ]3] 93 9
xHyxbex—1] -3 36 | 72 | 15| 45 | 22 | 66 | 15 | 45 | 0.759516263131002
2 13 | 26 | 9 | 27| 8 | 24 | 9 | 27
3 18 | 36 |12 | 36 | 11 | 33 | 11 | 33
cos(X)—x | -10 |21 |42 | 6 | 18| 6 | 18 | 5 | 15 | 0.739085133215161
-3 24 | 48 | 4 | 12| 9 |27 | 5 | 15
-2 7 |14 412 5 ]|15] 5 |15
15 | 38 |76 | 7 | 21| 8 |24 | 4 | 12
0 5 |10 3[9 ]3] 9]3 9
10 70 | 14 | 9 | 27| 9 | 27| 5 | 15
2 ,(x2-2) 075 | 5 |10 |3 [ 9 [3]9]3 9 | 0.866873543487685
(x+D)7e” = -1 5 (1039 |3 ]9 ] 3]o9
(x-1)°-1] -10 | 19 | 38 | 8 | 24|12 |36 | 8 | 24 2
025 | 16 | 32 | 4 |12 | 6 | 18 | 5 | 15
2.5 6 |12 | 4 | 12| 4 |12 | 4 | 12
Xex2 —sinz(x) n -3 15 30 9 27 9 27 9 27 -1.207647827130
3cos(x) +5 -1 6 |12 | 4 |12 | 4 |12 ] 4 | 12

n/ Number of iterations to approximate the root to 15 decimal places.
m/ Number of function evaluations.
C -NM/ The classical Newton's method.

4. Conclusions

In the table .1 we observe that the modified Newton's method with (seventh or eighth)-order of convergence

satisfied great successful through their application for finding a simple real roots of non-linear equations,
1

comparing with all the methods cited in the table .1. Therefore by considering the efficiency index r" where
r is the order of convergence of the method and n is the number of function evaluations required by the
method (units of work for iteration), in the mNm (24) and mNm (25) we have efficiency index equal

47 =1.6265766 and /8 ~1.681793 respectively, which are better than efficiency index of modified
Newton's methods with the fourth-order of convergence 3/4 =1.587410, and efficiency index of classical

Newton's method /2 =1.414 | However, In some applications that require a number of repeated tests, the
increasing of order may draw a concrete advantage if the cost of computational complexity, implied by the
increased order, is justified from the advantage in terms of execution time.
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