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Abstract

In this paper, we define a new concept in theory of graph energy called coneighbor energy of a graph G, denoted by
CE(G), as the sum of the absolute value of eigenvalues of its coneighbor matrix. We are going to derive some results about the
coneighbor energy of graphs and coneighboracation graph that possess some coneighbor vertices.
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1. Introduction

Let G be a simple undirected graph with n vertices, and let A(G) = [aij] be its adjacency matrix of a
graph G. The eigenvalues λ1, λ2, · · · , λn of A(G) are the (ordinary) eigenvalues of the graph G studied in
[3]. Since A is a symmetric matrix with zero trace, these eigenvalues are real with sum equal to zero.

The concept of energy was first introduced in [4] The energy of a graph E(G), is the sum of the absolute
value of eigenvalues of its adjacency matrix. In [1] introduced the concept of common neighborhood
energy of a graph G and obtained an upper bound for common neighborhood energy when G is strongly
regular. Also showed that the common neighborhood energy of several classes of graphs is less than the
common neighborhood energy of the complete graph. The energy of some composite graphs is studied in
[7]. In [6] studied the Path Eigenvalues and Path Energy of Graphs. Information on the theory of graph
and of graph energy can be found in [2, 5, 9, 10].

2. Coneighbor Spectra of a Graph

Definition 2.1. Let u and v be any two non-adjacent vertices and have the same neighbors in a graph G
are said to be coneighbor vertices in a graph G that is NG(u) = NG(v).

Definition 2.2. A coneighbor graph is a graph which contains the sets of coneighbor vertices.
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Definition 2.3. The coneighbor matrix con(G) or con = [cij] of a labeled graph G of order p and with
vertex set V(G), V(G) = {v1, v2, . . . ., vp} is a p× p matrix in which cij = 1 if vi and vj are coneighbor, and
0 if they are not. That is

cij =

{
1 if viandvjare coneighbor vertices
0 otherwise.

The coneighbor matrix of a graph G is a symmetric 0, 1 matrix having zero entries along the main
diagonal, and in which the sum of the entries in any row or column is equal to the coneighbor vertices
of the corresponding vertex. Because of this correspondence between graphs and matrices, any graph
theoretic concept is reflected in the coneighbor matrix.

The eigenvalues µ1,µ2, · · · ,µp of a graph G of order p are defined to be the coneighbor eigenvalues of
the coneighbor matrix associated with the graph G. That is, if G has coneighbor matrix con(G), then the
eigenvalues of G are those p (not necessarily distinct) numbers µ which satisfy the determinant equation
Det(con(G) − µIp) = 0, viz each µ is a root of the polynomial equation |con(G) − µIp| = 0. And can be
ordered as µ1 > µ2 > · · · > µp.

The coneighbor spectrum Spcon(G) of a graph G is defined as the eigenvalues of its coneighbor matrix,
that is, another matrix of two rows, the first row consists of the eigenvalues of the graph G and the second
row consists of the multiplicities of the corresponding eigenvalues. That is if the distinct eigenvalues of
G are µ1,µ2, · · · ,µk and their multiplicities are m1(µ1),m2(µ2), · · · ,mk(µk), respectively, then we write

Spcon(G) =

[
µ1 µ2 · · · µk

m1(µ1) m2(µ2) · · · mk(µk)

]
Or just as µm1

1 ,µm2
2 , · · · ,µmk

k .
The coneighbor polynomial of the coneighbor matrix con(G) of a graph G with p vertices is called

the coneighbor polynomial of G, denoted by φcon(G;µ) with the convention that the coefficient of the
highest order term is positive:

φcon(G;µ) = Det(µIp − con(G)) = (−1)pDet(con(G) − µIp).

Therefore, the coneighbor polynomial of a graph G of order p is a polynomial of degree p:

φcon(G;µ) = a0µ
p + a1µ

p−1 + · · ·+ ap−1µ+ ap.

Spectra of graphs can be obtained using the fact that the coefficients of the coneighbor polynomial are
integers. It follows that the sum of k-th powers of eigenvalues are integers too. Since the coefficient of
the highest power term µp of the coneighbor polynomial φcon(G;µ) is equal to 1, hence any eigenvalue
of G which is rational must be an integer, and for any square matrix with real entries, the sum of its
eigenvalues is equal to its trace.

Theorem 2.4. The coneighbor eigenvalues of a real symmetric coneighbor matrix are real.

Theorem 2.5. The sum of the coneighbor eigenvalues of any simple graph is zero.

Proof. The coneighbor matrix is a real symmetric matrix.

Theorem 2.6. Let G be the graph with coneighbor eigenvalues µ1,µ2, · · · ,µp, and let the coneighbor eigenvalues of
G− v be λ1, λ2, · · · , λp−1. Then the coneighbor eigenvalues of G− vare interlaced with the coneighbor eigenvalues
of G that is µ1 > λ1 > µ2 > λ2 > · · · > λp−1 > µp.

Example 2.7. Consider the graphs P3, C4 and K2,2 in below:
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v1 v2 v3

P3

v1 v2

v3v4

C4

v1 v2

v3v4

K2,2

con(P − 3) =

0 0 1
0 0 0
1 0 0

 , con(C4) =


0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

 and con(K2,2) =


0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0

. And the coneighbor

spectra of these graphs are Spcon(P3) =

[
1 0
2 1

]
,Spcon(C4) =

[
−1
4

]
and Spcon(K2,2) =

[
1 −1
2 2

]
.

Let Jp the square matrix of order p, whose all non-diagonal elements are equal to one, and all diagonal
elements are zero.

Proposition 2.8. If G is a disconnected graph with components G1 and G2, then the spectrum of G is the “union”
of the eigenvalues of the components of G.

Then, con(G) =
[

0 Jp1

Jp2 0

]
.

And
φcon(G;µ) = φcon(G1;µ)φcon(G2,µ).

Proposition 2.9. [10] The characteristic polynomial of complete graph is φ(Kn) = (µ− (n− 1)(µ+ 1)n−1).
And the energy of the complete graph Kn is equal to 2(n− 1).

Proposition 2.10. 1. φcon(Kp1,p2 ;µ) = (µ− (p1 − 1))(µ+ 1)p1−1(µ− (p2 − 1)(µ+ 1)p2−1, if p1 = p2 = p,
then φcon(Kp,p;µ) = (µ− (p− 1))2(µ+ 1)2p−2.

2. φcon(S1,p;µ) = µ(µ− (p− 1))(µ+ 1)p−1.

3. φcon(Pp;µ) =

{
µ(µ2 − 1) if p = 3
µp if p > 4.

4. φcon(Cp;µ) =

{
(µ2 − 1)2 if p = 4
µp if p > 5.

5. φcon(Kp;µ) = µp.

Proof. 1. Let Kp1,p2 be the complete bipartite graph on order p1 +p2, and let V(Kp1,p2) = {v1, v2, · · · , vp1}

be the set of nonadjacent vertices of its one part and U(Kp1,p2) = {u1,u2, · · · ,up2} be the set of
nonadjacent vertices of the other part. Then each vertex in V(Kp1,p2) is adjacent to every vertices in
U(Kp1,p2).

Therefore, con(Kp1,p2) =

[
A(Kp1) 0p1×p2

0p2×p1 A(Kp2)

]
. We have: φcon(Kp1,p2 ;µ) = det(µI− con(Kp1,p2)) =

|µI−

[
A(Kp1) 0p1×p2

0p2×p1 A(Kp2)

]
|, where 0p1×p2 and 0p2×p1 be the p1× p2 and p2× p1 zero matrices, respec-

tively. Which implies φcon(Kp1,p2 ;µ) = φ(Kp1 ;µ)φ(Kp2 ;µ), by Proposition 2.9, we get the result.

And Spcon(Kp1,p2) =

[
p1 − 1 −1 −1 p2 − 1

1 p1 − 1 p2 − 1 1

]
.
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2. Let S1,p be the star graph of order p+ 1, and let V(S1,p) = {v0, v1, v2, · · · , vp} be the set of vertices
and v0 is adjacent to every other vertices in S1,p.

Therefore, con(S1,p) =

[
0 0
0 A(Kp)

]
, we have:

φcon(S1,p;µ) = det(µI− con(S1,p)) = |µI−

[
0 0
0 A(Kp)

]
|

Which implies φcon(S1,p;µ) = µφ(Kp;µ) = µ(µ− (p− 1))(µ+ 1)p−1.

And Spcon(S1,p) =

[
p− 1 0 −1

1 1 p− 1

]
.

3. In path graph of order 3 there is one set of coneighbor vertices, by calculating we get the result, and
if p > 4, we see that there is no two vertices are coneighbor.

4. In cycle graph of order 4 there is two sets of coneighbor vertices, by calculating we get the result,
and if p > 5, we see that there is no two vertices are coneighbor.

5. In complete graph of order p, we see that there is no two vertices are coneighbor.

3. Coneighbor Energy of Graphs

Definition 3.1. Let µ1,µ2, · · · ,µk be the eigenvalues of the coneighbor matrix of a graph G, then the
coneighbor energy of a graph G of order p is defined as CE = CE(G)

∑p
k=1 |µk|. It is clear that CE(G) > 0

and the equality hold if and only if G has no coneighbor vertices.

Proposition 3.2. If the graph G consists of (disconnected) components G1,G2, · · · ,Gp, then

CE(G) =

p∑
k=1

CE(Gk).

Proposition 3.3. 1. CE(Kp1,p2) = 2p1 + 2p2 − 4.

2. CE(Kp1,p2 − e) = 2(p1 + p2 − 6), for all p1,p2 > 3.

3. CE(S1,p) = 2p− 2.

4. CE(Pp) =

{
2 if p = 3
0 if p > 4

.

5. CE(Cp) =

{
4 if p = 4
0 if p > 5

.

6. CE(Kp) = 0.

7. CE(Kp − e) = 2.

Proof. 1. By Definition 3.1 and Proposition 2.10(1), we have

CE(Kp1,p2) =

p1+p2∑
k=1

|µk| = p1 − 1 + p1 − 1 + p2 − 1 + p2 − 1 = 2p1 + 2p2 − 4.



Nechirvan B. Ibrahim, Gen. Lett. Math. , 9(2) (2020), 67-73 71

2. If the vertices of Kp1,p2 are labeled so that all vertices v1, · · · , vp1 are adjacent to all vertices vp1+1, · · · , vp1+p2 ,
and the deletion edge e in is the edge between vertices vp1 and vp1+p2 , then

φcon(Kp1,p2 − e;µ) = det(con(Kp1,p2 − e) − µI) = |

[
A(Kp1 − v) 0

0 A(Kp2 − v)

]
− µI|.

Which implies CE(Kp1,p2 − e) = E(Kp1−1) + E(Kp2−1) = 2(p1 + p2 − 6).

3. By Definition 3.1 and Proposition 2.10(2), we have:

CE(S1,p,µ) =
p+1∑
k=1

|µk| = p− 1 + 0 + p− 1 = 2p− 2.

4. Directly by Definition 3.1 and Proposition 2.10(3), we get the result.

5. Directly by Definition 3.1 and Proposition 2.10(4), we get the result.

6. Directly by Definition 3.1 and Proposition 2.10(5), we get the result.

7. If we remove one edge in Kp, we get one set of coneighbor vertices, then we get the result.

Theorem 3.4 (Coneighbor Energy). For any pair of coneighbor vertices u and v in a graph G, then

CE(G) = CE(G− u) + 2 = CE(G− v) + 2.

Proof. Label the vertices of G as u = v1, v = v2, v3, · · · , vp. Let con(G) is a square p×p matrix, con(G−u)
and con(G− v), be the coneighbor matrices of G, G− u and G− v, respectively. Applying elementary
operations by removing one of pairs of coneighbor vertex in any rows or in any columns of con(G), we
get con(G− u) or con(G− v) are the square (p− 1)× (p− 1) matrices, this makes deleted one root and
one column contains a coneighbor vertex with u or withv in con(G) this implies that we removed two
eigenvalues in con(G). Thus, CE(G) = CE(G− u) + 2 = CE(G− v) + 2.

Corollary 3.5. For each pair of coneighbor vertices u and v in a graph G, then CE(G− u) = CE(G− v).

Proof. Follows from Theorem 3.4.

Theorem 3.6. If u1,u2, · · · ,up are non-coneighbor vertices of a graph G, then CE(G) = 0.

Corollary 3.7. If e is an edge between the neighborhood vertices in a coneighbor graphG, thenCE(G−e) > CE(G).

For example,

v1 v2

v3v4

e

G

v1 v2

v3v4

G− e = C4

Hence, E(G) = 2 < CE((G− 2) = C4) = 4.
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4. Coneighbor Energy of Coneighboracation Graph

In this section, we obtained the coneighbor energy of coneighboracation graph between some special
graphs. In [8] defined the Coneighboracation graph between two graphs and studied some properties
and nullity of this graph.

Definition 4.1. Let u1 ∈ G1 and u2 ∈ G2, then, the coneighboracation graph G1©G2 of G1 and G2 is the
graph whose vertex set is V(G1)∪ V(G2) and

E(G1©G2) = E(G1)∪ E(G2)∪ {xu2 ∪ yu1, x ∈ NG1(u1),y ∈ NG2(u2)}.

Theorem 4.2. The coneighbor energy of coneighboracation graph G1©G2 is given by

CE(G1©G2) = 2 +CE((G1 − u1) •G2).

Proof. Let u1 ∈ G1 and u2 ∈ G2, in the coneighboracation graph G1©G2 and thus u1 is a coneighbor vertex
with u2, then applying Theorem 3.4 by removing u1 in G1©G2 we get:

CE(G1©G2) = CE((G1©G2) − u1) + 2 = 2 +CE((G1 − u1) •G2).

The vertex identification graph G1 •G2 is obtained from G1 and G2 by identifying the vertex u ∈ G1 with
v ∈ G2.

In the following proposition, we illustrate some cases.

Proposition 4.3. 1. CE(C4©Kp1,p2) = 2(p1 + p2 − 1).

2. CE(C4©S1,p) = 2(p+ 1).

3. CE(C4©Kp) = 4.

4. CE(C4©Cp) =

{
6 if p = 4
4 if p > 5

.

5. CE(C4©Pp) =

{
6 if p = 3 and the identification at the vertex of degree two
4 otherwise

.

Proof. For all cases applying Theorem 3.4 and using Proposition 3.3 we get the results.

Proposition 4.4. The coneighbor energy of coneighboracation graph Kn1,n2©Km1,m2 is given by

CE(Kn1,n2©Km1,m2) = 2(n1 +n2 +m1 +m2 − 5).

Proof. Applying Theorem 3.4, we have:
CE(Kn1,n2©Km1,m2) = CE((Kn1,n2 − u1)©Km1,m2) = 2 + CE(Kn1,n2 • Km1,m2), and applying Theorem

3.4, (n1 − 1) and (n2 − 2) times, we have:
CE(Kn1,n2©Km1,m2) = 2+ 2(n1 − 1)+ 2(n2 − 2)+CE(P3 •Km1,m2), also applying Theorem 3.4, (m1 − 1)

and (m2 − 2) times, we have: CE(Kn1,n2©Km1,m2) = 2 + 2(n1 − 1) + 2(n2 − 2) + 2(m1 − 1) + 2(m2 − 2) +
CE(P5), And by Proposition 3.3(4), we get: CE(Kn1,n2©Km1,m2) = 2(n1 +n2 +m1 +m2 − 5).
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