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Abstract. The purpose of this article is, firstly, to modify the old definition of the sentinel, introduced by J.L. Lions, so that

we can separate the control support to the observation support and, secondly, to identify the pollution terms which arise in

regular problems which are modeled by a linear parabolic equation. A new modification of the sentinel is used to identify

pollution terms in the general case where the observation and the control supports are disjoint. The problem of finding a new

modification sentinel is equivalent to finding the unique control of regular adjoint system of the parabolic equation that we

solve.
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1 Introduction

We here use the new modification sentinel which change the classic definition of the sentinel method of J.-L. Lions
(1992). The sentinel permits to distinguish between the pollution terms and the missing terms.

We are interested in the identification of the pollution terms which arise in regular parabolic problems. As it
is well known, these problems generate distributed parameters which here are modeled by a heat linear parabolic
equation. Here we want to estimate the pollution terms independently of the missing initial data ones. In general,
the sentinel method is an important tool when one is interested in numerical simulations.

As we will see, the problem of finding the classical sentinel is equivalent to finding the optimal control of adjoint
system of heat equation (see Ainseba B.-E. [1] and the general case in the book by J.-L. Lions [5]) where the control
and the observation have their supports in the same open set. In our case, the new modification sentinel is used in
its general setting since we consider two different open sets for the control and the observation.

Optimal control of distributed parameter systems governed by a system of parabolic equations is of special
importance for propagation processing problems which are generally expressed by the resolution of the heat equation
(see Fursikov [3],Brezis [2] ). The use of these equations may however leave a gap between the theoretical solutions
and the experimental ones, then the use of optimal control allows to fill the gap, as it permits to optimize the distance
between the two solutions.

As an immediate application, the existence of a new modification sentinel for a linear parabolic equation can be
discussed, as we will see in the following section. We note that the backward problem appears under this form in
the Lions sentinel theory [5].
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As noticed above, we will prove that the sentinel problem is equivalent to finding the unique optimal control
of the adjoint system. We will follow the same techniques of the null-controllability problem for the heat equation
which is well understood (see J. L. Lions [4],A. Omrane [8]). We state a more general null-controllability problem in
this article.

The paper is organized as follows :
In section 2, we recall the Sentinel theory of Lions for linear heat problems with incomplete data.

In section 3, we use the null-controllability to prove the existence of the new sentinel.A well adapted version of
the classical HUM method of Lions [4] is established.

In section 4, we show the existence of a non trivial new modification sentinel for the heat equation, where the
control and observation have their supports in two different open sets.

2 Towards a sentinel problem

Let Ω be a bounded open subset of Rd, d ∈ N∗ with boundary Γ of class C2. For T > 0, we set Q = (0, T ) × Ω,
Σ = (0, T )× Γ, and we consider the following linear heat problem in several dimensions:

∂y

∂t
−∆y = F in Q (1)

with the following initial data of incomplete information :

y(0) = τ ŷ0 in Ω (2)

and with boundary condition

y = 0 on Σ (3)

where τ ŷ0 ∈ L2(Ω) is unknown. (see Lions [5] page 156). Without loss of generality, we may assume that

‖ŷ0‖L2 ≤ 1 and τ small .

Pollution terms appear in a part of the domain as follows:

F = λξ̂0 in Q (4)

where λξ̂0 ∈ L2(Q) is not known too.

Now we write the equation (1) in two equations:∣∣∣∣∣∣
Lyλ = ξ̂0 in Q
yλ = 0 on Σ
yλ(0) = 0

(5)

∣∣∣∣∣∣
Lyτ = 0 in Q
yτ = 0 on Σ
yτ (0) = ŷ0

(6)

where L and L∗ are given respectively by:

L =
∂

∂t
−

d∑
j=1

∂2

∂x2
j

(7)

L∗ = − ∂

∂t
−

d∑
j=1

∂2

∂x2
j

(8)
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Then

y = τyτ + λyλ

And we have the following informations :

yτ , yλ in L2(0, T ;H1
0 (Ω)) (9)

we have too

t → yτ , yλ(t) are continuous from [0, T ]→ L2(Ω) (10)

Let us recall that ∣∣ each of two systems (5) and(6) admits a unique solution (11)

see Lions ([5])

The goal is to find a method to estimate the pollution term λξ̂0. Several methods can be used. The famous one is
the least square method. However with this method, the pollution and initial unknown terms τ ŷ0, λξ̂0 are computed
together and we cannot really separate them (see Lions [5], and Ainseba et al. [1] or [6] for the parabolic case).

Here, we use the new sentinel method which is a method of identifying one parameter, independently of the
others. To have a chance to identify pollution, we observe the system in some open subset O ⊂ Ω called observatory,
during time T . We denote by yobs this observation, which is known in L2(O × (0, T )).

In the case of the heat equation, the observatory O can be chosen arbitrarily small.

We now will call back the notion of sentinel following the definition in the book chapter by Lions[5] (see also
[7]). In this definition, the observation and the control may have different support sets but must be not disjoint.

Let h0 be a given function on (0, T )×O such that

h0 ≥ 0,

∫ T

0

∫
O
h0 dxdt = 1. (12)

Let besides ω be an open and non empty subset of Ω. For a control function u ∈ L2((0, T ) × ω), we introduce
the functional

S(λ, τ) =

∫ T

0

∫
O
h0 y(t, x;λ, τ) dxdt+

∫ T

0

∫
ω

u y(t, x;λ, τ) dxdt. (13)

We shall say that S defines a sentinel (for the system (1)-(3) and (12)) if there exists u such that the pair (u, S)
satisfies to the following two conditions:

- S is insensitive at first order with respect to the missing terms τ ŷ0, which means

∂S
∂τ

(0, 0) = 0, (14)

- and u is of minimal norm in L2((0, T )× ω), in the sense

‖u‖L2((0,T )×ω) = inf
v∈L2((0,T )×ω)

‖v‖. (15)

In the above sentinel, one can not observe the state of the system somewhere in the domain, and control in
another part of the domain Ω. Our goal is to study this situation.
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3 Controllability

We give the function G from L2(ω) to L2(O) which verifies:
There is a positive constant c such that ‖G∗z‖ ≥ c‖z‖, for all z in L2(O)
And, let be the regular parabolic system:∣∣∣∣∣∣

L∗p = χO(h0 +Gv) in Q
p = 0 on Σ

p(T ) = 0
(16)

We divide this equation into two equations:∣∣∣∣∣∣
L∗p0 = χOGv in Q
p0 = 0 on Σ

p0(T ) = 0
(17)

and ∣∣∣∣∣∣
L∗p1 = χOh0 in Q
p1 = 0 on Σ

p1(T ) = 0
(18)

where χω such that

χωu =

{
u on (0,T)×ω
0 else

For every given v in L2(ω), the system (16) admits a unique solution p = p(v) in L2(0, T ;H1
0 (Ω) for the detail see

[2].
The null controllability problem for (16) consists in finding v in L2(0, T ;L2(ω)) such that if p is solution of (16)

then

P (0) = 0. (19)

We can obtain this unique solution with the use of the following: First, we introduce the equation:∣∣∣∣∣∣
Lϕ = 0 in Q
ϕ = 0 on Σ
ϕ(0) = ρ

(20)

And we pose v = −B∗ϕ and we define the operator Λ by Λρ = p0(0) then we have

≺ Λρ, ρ � = |B∗ϕ|2L2(Ω) (21)

Let F be the completeness of L2(Ω) with the norm ‖ρ‖2F = |B∗ϕ|2L2(Ω) and F ∗ is the dual space of F , then the

operator Λ is ismorphism from F to F ∗ so for −p1(0) ∈ F ∗ there existe a ρ ∈ F such that p0(0) + p1(0) = 0 = p(0).

4 Existence of a non trivial new modification sentinel

Now , we can give the new definition of sentinel which one can observe somewhere in the domain, and control in
another part of the domain Ω

we introduce the functional

S(λ, τ) =

∫ T

0

∫
O

(h0 +G(u)) y(t, x;λ, τ) dxdt. (22)

Where y is the solution of the system 1.
We shall say that S defines a sentinel (for the system (1)-( 3) and (12)) if there exists u such that the system 3

have unique solution and the pair (u, S) satisfies to the following two conditions:
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- S is insensitive at first order with respect to the missing terms τ ŷ0, which means

∂S
∂τ

(0, 0) = 0, (23)

- and u is of minimal norm in L2((0, T )× ω), in the sense

‖u‖L2((0,T )×ω) = inf
v∈L2((0,T )×ω)

‖G(v)‖. (24)

The classical point of view of Lions lies on ho and u, having their supports in the same open set of observation
O = ω. In this case, the question of the existence of a sentinel such that (23) holds is evident. Indeed, ho = −G(u)
is a solution, and the only question is the calculus of the optimal control (24).

The point of view considered here is a sentinel notion defined by the function ho, an observation yobs and a
control u, but with ho having its support in O and u of support in ω with ω 6= O. In this case, the existence of a
sentinel is not guaranted.

4.1 The identification of the pollution term

We deduce that (23) is equivalent to

S(λ, τ) =

∫ T

0

∫
O

(h0 +G(u)) yτ (t, x;λ, τ) dxdt = 0, (25)

Now multiplying (16) by yτ and integrating by parts we find:∫
Q

yτL
∗p dxdt =

∫
Q

pyτ dxdt+

∫
Ω

p(T )yτ (T ) dx−
∫

Ω

p(0)yτ (0) dx

+
∫

Σ
∂yτ
∂ν p dσ −

∫
Σ
∂p
∂ν yτ dσ

=
∫ T

0

∫
Ω

(h0 +G(u))yτ dxdt

because that ∫
Ω

p(T )yτ (T ) dx−
∫

Ω

p(0)yτ (0) dx = 0

and ∫
Σ

∂yτ
∂ν

p dσ −
∫

Σ

∂p

∂ν
yτ dσ = 0

So, we deduce: ∫ T

0

∫
O
yτ (h0 +G(u) dxdt =

∂S

∂τ
(0, 0) = 0

due to the fact that, yτ is solution of (6)
and then

S(λ, τ) = S(0, 0) + τ
∂S

∂τ
(0, 0) + λ

∂S

∂λ
(0, 0) then Sobs = S(0, 0) + λ

∂S

∂λ
(0, 0)

where

Sobs =

∫ T

0

∫
O

(h0 +G(u))yobs dxdt and
∂S

∂λ
(0, 0) =

∫ T

0

∫
Ω

yλ(h0 +G(u)) dxdt =

∫
Q

ξ̂0pdxdt

Then∫
Q

(λξ̂0)pdxdt = Sobs − S(0, 0) = Sobs, since S(0, 0) = 0
If G is equal to identity then we have the classical definition of the sentinel 13
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