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Abstract. Applying a Symmetric Mountain Pass Theorem, we prove the existence of infinitely many homoclinic solutions
for a class of fourth-order differential equations

u® (z) + wu” (z) + a(z)u(z) = flz,u(z)), Vo € R

where a € C(R,R) may be negative on a bounded interval and F(z,u) = [ f(z,t)dt is superquadratic at infinity in the
second variable but does not need to satisfy the well-known Ambrosetti-Rabinowitz superquadratic growth condition.
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1 Introduction

We consider the nonperiodic fourth-order differential equation
(1.1) u® (z) + wu’ () + a(x)u(z) = flz,u(z)), Yo e R

where w is a constant, a € C(R,R) and f € C(R x R,R). It is well-known that the mathematical modeling of
important questions in different fields of research such as mechanical engineering, control systems, economics and
many others, leads naturally to the consideration of the nonlinear differential equations. In particular, the fourth
order differential equations, like (1.1) have been put forward as mathematical model for the study of pattern formation
in physics and mechanics. For example the well-known extended Fisher-Kolmogorov equation proposed by Coullet
et al. in 1987 [5], in the study of phase transitions, the fourth-order elastic beam equation in describing a large class
of elastic deflection [14], the Swift-Hohenberg equation which is a general model for pattern-forming process derived
in [6] to describe random thermal fluctuations in the Boussinesque equation and in the propagation of lasers [7].

As usual, we say that a solution u of equation (1.1) is homoclinic (to 0) if u(z) — 0 as © — +oo. In addition, if
u # 0, then u is called a nontrivial homoclinic solution.

During the previous years, the existence and multiplicity of homoclinic solutions for (1.1) have been extensively
investigated via critical point theory and variational methods. From the beginning, most of them treated the case
where a(z) and f(z,u) are either independent of x or periodic in z, see [1,3,4,8,16] and the references cited therein.
In this kind of problems, the function a plays an important role. Compared with the case of a(x) and f(z,u) being
periodic in z, there is less literature available for the case where a(z) and f(z,u) are nonperiodic in x, see [9-13,17-20].
We notice that, for the case that equation (1.1) is not periodic, to obtain the existence of homoclinic solutions, the
following coercive condition on a is often needed:

(Ap) a: R — R is a continuous function, and there exists a constant ro such that

0<rog<a(z) — +o0as |z|] — o©

EXN


User
New Stamp

User
New Stamp

User
New Stamp


Multiple Homoclinic Solutions for a Class of Superquadratic... 155

and
w < 24/rg

which is used to establish the corresponding compact embedding lemmas on suitable functional spaces, see [9,10,17,18].
Most of these known results were obtained for the case where F' is superquadratic at infinity in v and satisfies the
usual assumption:

F(x,u)

lim 5
[ul—0  |u]

(1.2) =0 uniformly forteR.

In this case, the well-known Ambrosetti-Rabinowitz superquadratic condition was usually assumed on F', see [8,13,16,20].
In this paper, we study the existence of infinitely many homoclinic solutions for (1.1) in the case where a is unnec-
essarily required to be positive, and F' satisfies some weak superquadratic conditions at infinity with respect to w.
More precisely, we make the following assumptions:

(A) lim a(z) = +oo;

|z]| — 00
(F1) There exist constants ag, Ry > 0 such that

|f(z,u)] < aglul, V(z,u) € R x R with |u| < Ro;

F
(F2) L’Qu)' = +o0, Vr € R,
lul=+o0  |ul
and
F(z,u) >0, Y(z,u) € R x R with |u| > Ro;
(F5) F(z,—u) = F(z,0), ¥(z,u) € R x R

(Fy) There exist g € L'(R) and constants by, ¢y > 0 and v €0, 2[ such that

= 1 g(x), Yz € R, |z| < Ro
F(z,u) = if(x,u)u—F(x,u) > { bolu”, Yz € R, |u| > Ro:

|F(z,u)] < co|ul>™" F(z,u), V(z,u) € R x R with |u| > R;
(F5) There exist constants g > 2 and p > 0 such that

WF(2,u) < flo,uju+ pluf®, ¥(z,u) € R x R.
Our main results read as follows.

Theorem 1.1. Assume that (A) and (Fy)— (Fy) are satisfied. Then (FODE) possesses infinitely many nontrivial
homoclinic orbits.

Theorem 1.2. Assume that (A), (F1) — (F3) and (F5) are satisfied. Then (FODE) possesses infinitely many

nontrivial homoclinic orbits.

Remarks 1.1. a) In our results, a(x) is unnecessarily positive. For example a(z) = |z| — 1 satisfies (A) but it
does’nt satisfy (Ag).
b) Let F(z,u) = x(z)|z|* In($ + |z[), where x is a continuous bounded function with positive lower bound. Then
an easy computation shows that F satisfies the superquadratic conditions (F;) — (Fy). However, F' does not satisfy
the (AR)—condition.
The remainder of this paper is organized as follows. In Section 2, some preliminary results are presented. Section 3
is devoted to the proofs of our results.
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2 Variational setting and preliminaries

To prove our main result via critical point theory, we need to establish the variational setting for (1.1). In the
following, we shall use ||.||, to denote the norm of L*(R) for any s € [2,00]. Let H?(R) be the Sobolev space with
inner product and norm given respectively by

< U,V >pr= /R[u”(m)v”(x) + o/ (2)v'(z) + u(z)v(x)|ds

and .\
lull o =< u,u >3,

for all u,v € H*(R).

Lemma 2.1 ([4, Lemma 8]). Assume that a satisfies (Ag). Then there exists a constant b > 0 such that

’

/R[u“ (2)? —wu () + a(x)u(z)?]de > b Hu||i12 , Yu € H*(R).
By Lemma 2.1, we define

E = {u € HQ(R)//R[UN ()% — wi (2)? + a(z)u(z)?|de < oo}
with the inner product
<u,v >= /[u"(x)v”(x) —wt (2)v'(z) + a(x)u(x)v(z)]de
R
and the corresponding norm
[Jull = (/[u”(%)2 — wu'(2)” + a(w)u(z)’]dz) 2.
R

It is easy to verify that E is a Hilbert space.
In order to prove our result, the following compactness result is necessary.

Lemma 2.2 ([17, Lemma 2.2]). Assume that a satisfies (Ag). Then E is compactly embedded in L*(R) for all
s € [2,00]. Moreover, for all s € [2,00], there exists 1 > 0 such that

(2.1) (]

L*(R) <nsllull, Yu e E.

To study the critical points of the variational functional associated with (FODE), we need to recall the Sym-
metric Mountain Pass Theorem [15].

Definition 2.1. Let E be a Banach space with the norm |||, we say that ® € C1(E,R) satisfies the
a) (PS).-condition, ¢ € R, if any sequence (u,) C E satisfying

®(un) — c and ®'(u,) — 0 as n — 00

possesses a convergent subsequence,
b) (C).—condition, ¢ € R, if any sequence (u,) C F satisfying

D (u,) — cand ||9 (un)| (1 + ||unl|) — 0 as n — oo
possesses a convergent subsequence.

Lemma 2.3. Let F be an infinite dimensional Banach space, E =Y & Z, where Y is finite dimensional space.
Suppose that ® € C1(E, R) satisfies the (PS).—condition and
and

(a) ®(0) =0, &(—u) = P(u), Yu € E;
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(b) There exist constants p,a > 0 such that @55,z > a;

(¢) For any finite dimensional subspace E C E, there is R = R(E) > 0 such that ®(u) < 0 on E \ Bg, where
By ={ue E/ Jul < R},
Then ® possesses an unbounded sequence of critical values.

Remark 2.1. Asshown in [2], a deformation lemma can be proved with (C').—condition replacing the (P.S).—condition,
and it turns out that Lemma 2.3 still holds true with the (C).—condition instead of the (PS).—condition.

3 Proof of Theorems

From (A), (F1) and (F»), we know that there exists a positive constant ro such that a(z) + 2r¢ > ro for all z € R.
Let a(z) = a(z) + 2r¢ and F(z,u) = F(x,u) 4 o [u|”. Consider the following fourth-order differential equation

(FODE) u® (z) + wu' () + a(x)u(z) = Flz,u(z)), Yo € R,
then (FODE) is equivalent to (FODE). Moreover, it is easy to check that the hypotheses (Fy) — (F5)still hold for F'
provided that those hold for F', and @ satisfies the condition (Ap). Hence, in what follows, we always assume without

loss of generality that a satisfies (Ag) instead of (\A).
Consider the variational functional ® associated to (FODE):

D(u) = %/R[u (2)? — wu (2)? + a(x)u(x)?]dz — /}RF(x,u(x))dx

defined on the space E introduced in Section 2.

Lemma 3.1. Under assumptions (Ag) and (F}), the functional

is continuously differentiable on F and

(3.1) P (u)v = /Rf(gc,u).vdx, Vu,v € E.
Proof. For any given u € E, we know that v € H2(R) and hence there exists a constant R > 0 such that
(3.2) ju(a)| < 2, Vla| > R.
By (2.1), for any v € E with |jv| < 21;20, we have
(33) foll e < 2.

Combining (3.2), (3.3) and (F}), by the Mean Value Theorem and Hoélder’s inequality, for any » > R and v € F with

lv]| < 21;207 one has

‘/|> [F(z,u+v) — F(z,u) — f(z,u)v]dx

_ ‘/uz /Ol(f(x, w+ sv) — f(z,u))vdsdz

<w%/|<MwaMww%d’(Mﬂwwmwwm
z|>r

lz[=r
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(3-4) < 2aon2[(/ N [uf® )% + 1z o] [|o]] -

Since u € L%(R), for any € > 0, there exist 0 < oy < 2120 and R, > R such that for all v € F with ||v]| < o

1 €
(35) saoml([ i de)d ol < 5

It is well known that the functional

Pe(u) = /{_RE,RJ Flo,u)da

is continuously differentiable on H?([—R,, R.]). Thus, since E is compactly embedded in H?(R), there exists a
constant ae > 0 such that for all ||v|| < aq

(3.6) / [F(z,u+v) — F(z,u) — f(z,u)v]dz| < < [lv]] -
[~R..R.] 2
Taking o = min {a, as}, then (3.4)-(3.6) imply
[ 1F@ut0) = Pl - £, weds]| < ello]
R

for all v € FE with ||v]| < a. Therefore, v is differentiable on E and satisfies (3.1).
It remains to prove that v’ is continuous. Let u,, — u in E. By Hélder’s inequality, we have

14" (un) = &' (W)l = sup [ (un)v = ¥ (u)o]

loll=1

= sup
loll=1

/[f(xaun) - f(x,u)]’l)d.’b
R

< sup ( /R () — F(z,u) da)? o],

llvll=1

(3.7) < m( / (@) — flz,0)|? da).

Lemma 2.1 implies that u,, — win L*(R) for s = 1 and s = co. Let M be a positive constant such that |[u,||,, < M
for all integer n. By (F}), for any € > 0, there exists a constant 0 < r < Ry such that for all z € R and |u| < r

€ 1

(3-8) lf(z,u)| € ————5—ul?.
2(M2 + [|ul£1)

Due to (3.8) and the facts that u € H?(R) and u,, — u in L>(R), there exists R, > Ry and N; € N such that for

all |x| > R. and n > Ny
€

S —
2(M + ||ul}:)
€

1 1
2(M2 + lull7,)

Nl=

|f (@, un(2))] < |un ()]

Ju()|? .

| (z, u(x))] <

Thus
(/ |f<x7un> _f($7u)|2d[1;)%
[t|>Re

Nl

<(f Pt (] e}
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€ 1 1 €
(3.9) < (luallz +lullz) < 5
2(M= + lull )

Observing that u, — w in L>°(R), then by Lebesgue’s Dominated Convergence Theorem, we have
(/ |f(x,un)—f(a:,u)|2dx)%—>0asn—>oo.
[_R61R6]

Hence, there is Ny € N such that for all n > Ns
(3.10) (/ () = f,u))” do)? < 2,

[~R..R.] 2
which together with (3.9) implies that for all n > max {Ny, Na}

([ 1#(u) = fa ) do)? < e
R

Combining this with (3.7) implies that ¥/ (u,) — 9¥'(u) as n — oo and then ¢ € C*(E,R). The proof of Lemma
3.1 is completed.

From Lemma 3.1, we deduce that ® € C'(E,R) and
(3.11) P (u)v =< u,v > —/ f(z,u).vdx, Yu,v € E.
R

Moreover, we can infer that u € F is a critical point of @ if and only if it is a (classical) solution of problem (FODE).

Lemma 3.2. Under assumptions (Ao), (Fy) and (F3), for any finite dimensional subspace E C E, there is
R = R(E) > 0 such that

(3.12) ®(u) <0, Vu e E, |u| > R.
Proof. We will prove the following
(3.13) ®(u) — —o0 as |jul| — oo, u € E.

Arguing indirectly, assume that there exists a sequence (u,) C E with ||u,| — oo and a constant M > 0 such that
®(u,) > —M for all n € N. Set v, = HZ—"H, then ||v,|| = 1. Passing to a subsequence if necessary, we may assume

that v, = v in E. Since E is finite dimensional, we have v,, — v in E and v, — v a.e. on R. It follows that
[[v]] = 1. For 0 < a < b, let
Q,(a,b) = {z e R/a < |uy(z)| < b}
A={z e R/v(x) # 0}.

Since v # 0, then meas(A) > 0. For a.e. ¢ € R, we have lim,,_, |u,(z)| = 0o, hence z € Q,(Ry,00) for n large
enough. Since v, (x) — v(x) a.e. € R, we have Xq, (ry,00)(2) |Un(2)| — |v(z)] a.e. © € A, where xq denotes the
characteristic function of 2. Hence, it follows from (F}), (F2) and Fatou’s Lemma that

-M o n 1 F s Un n 2
0= lim < lim (un) = lim [= — / de]
n—soo 2 R

n—so0 ||Un|\2 ~ n"Seo ||Un||2 |un\2

1 F(x,up) [va]* F(z,un) |va]®
o[ Fesly @) ol
n——roo 2 Qn(O,Ro) |u7l‘ QH(R07OO) ‘un|

1 F(x,up) [vn]*
Slimsup[f+%/\vn|2dx—/ Mdm]
R Q2 (Ro,00)

n—> 00 2 |un|2
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) F(z,u,) v,
PR RS / Fl@,un) oal” g,
2 2 720 S0, (Ro,00) |t
1 ap / - F (@, up) [on]?
3.14 <5+ 5m— [ liminf ————F—— o) (@)dr = =
(3.14) St [N N (D)= o

which is a contradiction. Hence (3.13) and then (3.12) is verified. The proof of Lemma 3.2 is completed.

Let (ej)jen be an orthonormal basis of £ and define X; = Re;
Vi =@ Xj, Zk =02, 1 X;, keN.
Lemma 3.3. Suppose (Ap) hold. Then for any p € [2, 0]

(3.15) lp(k)= sup |ul,, — 0as k — oo.
UEZ,||ul|=1

Proof. It is clear that 0 < [,(k + 1)
up € Zj such that ||ug|| = 1 and |Jug||,
inequality, one has

< I,(k), so that l,(k) — I, as k — oo. For every k > 1, there exists
> 35l

P
21,(k). For any v € E, let v = 377, vie;. By the Cauchy-Schwartz

oo oo
< up,v>=|< uk,Zviei > =< ug, Z vie; >
i=1 i=k+1
o0 o0
< gl Z vie; || < Z |vi| |lei]] — 0 as k — o0
i=k+1 i=k+1

which implies that uy — 0. Without loss of generality, Lemma 2.2 implies that uy — 0 in L?(R). Thus we have
proved that {, = 0. The proof of Lemma 3.3 is completed.

By (3.15), we can choose an integer m > 1 such that
1
(3.16) lull oo < 5= Nlull, Yo € Zm.
ag
In the following, we will apply Lemma 2.2 with Y =Y, and Z = Z,,.
Lemma 3.4. Under assumptions (Ag) and (1), there exist constants p,a > 0 such that ®55,~z > a.

Proof. If ||ju| = 5—0, then by Lemma 2.2, we have ||u|| ;. < Ro. Hence, it follows from (F) that

(3.17) me@»s%me7Weanw=§2

o0

Combining (3.16) with (3.17) yields for all v € Z with ||u| = % =p,
L2
o) = 5 Jul* - [ Fa.wds
2 R

1 o ag 2 1 2 Qg 2
> Sl == [ul"de = S flull” — - [[ull7e
2 2 Ju 2 2

LB

= 4(77*00)2 =«

1
Z 7 Jul|?
The proof of Lemma 3.4 is completed.

Proof of Theorem 1.1. By assumptions (F}) and (F3), it is clear that

(3.18) ®(0) =0 and ®(—u) = ®(u), Yu € E.
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Thus the condition (a) of Lemma 2.3 is satisfied. Lemmas 3.2, 3.4 imply that conditions (b) and (c) of Lemma 2.3
are satisfied. It remains to prove that ® satisfies the (C').—condition.

Lemma 3.5. Assume that (Ap), (F1), (F2) and (Fy) are satisfied. Then ® verifies the (C').—condition for all
ceR.

Proof. Let (u,) be a (C). sequence, that is
(3.19) D(u,) — cand ||D(un)|| (1 + ||unl]) — 0 as n — oc.

Firs‘cly7 we prove that (u,) is bounded in E. Arguing by contradiction, suppose that ||u,| — oo as n — oo. Let

Un = 27 Then |lun|| = 1. Observe that for n large enough

~

(3.20) c+1>d(uy,) — %@’(un)un = /RF(x,un)dx.

It follows from (3.19) that

l\J\»—t

F(
(3.21) / [F (@, un)] “"
Passing to a subsequence if necessary, we may assume that v,, — v in E. Then by Lemma 2.2, without loss of

generality, we have v,, — v in L?(R) and v, —> v a.e. on R.
If v =0, then v, — 0 in L*(R) and v, — 0 a.e. on R. Hence, it follows from (F}) that

F . F(z,
/ | (x7u2L)|dx :/ | (ZE u2n)| |’Un‘2 dr
Qu(0,Ro)  unll Q.(0.Ro)  |Un]

(3.22) < % A (OR)|vn|2dx§ %anHiQ — 0 as n — oo.
n\Y,110

From (Fy) and (3.19), one has

F(z,u, Fl(z,
/ | (x7u2L)|dx :/ ‘ (JU ’Uén)| |Un|2 dﬂ?
Qn(Royo0)  ||tnl| Qu(Roso0)  |Un]

€0 anllz_" -
<o [ )i
[l | Q2 (Rg,00)

2—v
co [|vnllpe
[[un]|

< SOy o / g(x)da]
2, (0,Ro)

[14c— / F(x,up)da]
Qn(o RO)

(3.23) < [1+c—|—/|g ) dz] — 0 as n — oo.

Combining (3.22) with (3.23) yields
F n F y Un F )y N
7| (I’UQ)‘dx:/ 7‘ (2 u2)|dx+/ 7| (@ u2)|dx—>0asn—>oo
R lunl 2.(0,Ro)  |unl| Qn(Ro,00)  [[tnl

which contradicts (3.21).
If v # 0. By a similar fashion as for (3.14), we can get a contradiction. Therefore, (u,) is bounded in E.
Next, we prove that (u,) possesses a convergent subsequence. Without loss of generality, we can assume by Lemma
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2.2 that u, — u in L*(R) for s = 1 and s = co. Using Hélder’s inequality, we can show as in the proof of Lemma
3.1 that

(3.24) /[f(m,un) — f(z,w)](up, — u)der — 0 as n — co.
R
Observe that
(3.25) l[un — u||2 = (" (un) — ' (un)) (un —u) + /R[f(xa up) — f(@,u)](up — u)dz.

It is clear that
(3.26) (@' (up) — D' (un))(up — u) — 0 as n — oco.

Combining (3.24) — (3.26), we get ||u, — ul]| — 0 as n — oo. The proof of Lemma 3.5 is completed.

Consequently, Lemma 2.3 together with Rermark 2.1 imply that ® possesses an unbounded sequence of criti-
cal points. Therefore (FODE) possesses infinitely many homoclinic solutions. The proof of Theorem 1.1 is completed.

Proof of Theorem 1.2.
Lemma 3.6. Under assumptions (Ag), (F1) — (F3) and (F5), ® satisfies the (C').—condition for all ¢ € R.

Proof. Let ¢ € R and (u,) C F satisfying (3.19). First, we prove that (u,) is bounded in E. Arguing by
contradiction, suppose that [Jun| — oo as n — oco. Let vy = p2p. Then [vp|| = 1 and [vn|| < np [|vn|, for

2 <p < 0. By (F5), one has for n large enough

1
c+1>®(uy) — —9 (up)uny
U

p—2 2 /1
= — |lu,||” + —flz,up)u, — F(x,u,)|dx
o [l R[uf( ) (z, up)]

-2
> L2 = £

which implies

(3.27) B2 him sup [fon]s .

2/) n—> o0
Taking a subsequence if necessary, we may assume that v,, — v in L?(R) and v,, — v a.e. on R. Hence, it follows
from (3.27) that v # 0. By a similar fashion as for (3.14), we can get a contradiction. Therefore (u,) is bounded in
E. The rest of the proof is the same as that in Lemma 3.5 and the proof of Lemma 3.6 is completed
We conclude as in the proof of Theorem 1.1 that ® possesses an unbounded sequence of critical points and the proof
of Theorem 1.2 is completed.

4 Conclusion

Assume that the function a is coercive unnecessary positive and F(z,u) = [ f(z,t)dt satisfies some kinds of
superquadratic conditions at infinity in the second variable unnecessary satisfying the well-known Ambrosetti-
Rabinowitz superquadratic growth condition., we prove that the fourth-order equation

u® () + wu” () + a(z)u(z) = f(z,u(z)), Vo € R

possesses infinitely many nontrivial homoclinic solutions by applying critical point theory to the associated least
action integral over an appropriate functional space.
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