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1 Introduction :

For the general development of BCK-algebras, the ideal theory plays an important role. In
[7] 1966 by K. Iseki and Y. Imai introduced a new notion called a BCK-algebras, and then many
researchers have investigate various properties of this algebra. Hung and Chen [6] introduced the
notion of n-fold implicative ideals, n-fold (weak) commutative ideals, n-fold positive implicative
ideals and investigate some of its properties. Jun and Kim [9], introduced the notions of n-fold fuzzy
positive implicative ideals in BCK-algebras and investigate some of its related properties.
Satyanarayana and Durga Prasad [14], introduced the intuitionistic fuzzification of n-fold BCK-ideal
and n-fold positive implicative ideal in BCK-algebras and some of its related properties are
investigated.

In this paper, we apply the concept of interval-valued intuitionistic fuzzy set to n-fold BCK-
ideals and n-fold positive implicative ideals in BCK-algebras and introduced the notion of interval-
valued intuitionistic fuzzy n-fold BCK-ideal and interval-valued intuitionistic fuzzy n-fold positive
implicative ideal and we gave relations between these notions and investigate some of its related
properties. Characterizations of these notions and extension property of interval-valued intuitionistic
fuzzy n-fold positive implicative ideals are investigated.
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2 Preliminaries :
Definition 2.1. Let X be a set with a binary operation “*” and a constant “0”. Then (X, *,0) is

called BCK-algebra, if it satisfies the following conditions.
(BCK-1) ((x*y) *(x*2))*(z*y)=0,
(BCK-2) (x*(x*y))*y=0,
(BCK-3) x#*x=0
(BCK-4) 0*x=0
(BCK-5)x*y=0and y*x=0 implyx =y , forallx,y,z e X
We can define a binary relation < on X by letting x <y if and only ifx*y=0. Then (X,<) is a
partially ordered set with least element “0 > and (X, *,0) is a BCK-algebra if and only if, it satisfies
the following: For all x,y,z € X
(i) (x*y)*(x*2)) < (z*y), (i) (x*(x*y)) <y, (i) x <X, (iv) 0< X
(v) x<y and y<ximplythat x=y,
In a BCK-algebra ( X, *, 0) , we have the following properties:
(P1)x*0=x, (P2)x*xy<x, (P)(x*y)*xz=(x*2)*y, (P4)(x*2)*(y*2) <X*Yy,
(PE)x*(x*(x*y)=x*y, (P6) x<y=Xx*z<y*xzandz*xy<z=*X,
(P7)x*y<zimpliesx*z<y, forall x,y,ze X.
Throughout this paper X will always mean a BCK-algebra unless otherwise specified.
A non-empty sub-set | of X is said to be sub-algebra of X ifforx,yel=x=*yel

A non-empty subset | of X is called an ideal of X if (1,) Oel (I,) x*y and yel= xelfor every
X,y € X, is said to be an n-fold positive implicative ideal of X if (I,) and (I,) there exists a fixed

neXSuch that (x* y} 2 e andy=z"el=x=z"el for everyx,y,ze X, is said to be an n-fold
BCK-ideal of X if (I,) and (l;)there exists a fixed neXSuch that (X*yn+1)*Ze land

zel=>xx*y" el for everyx,y,zeX. For any elements x and y of X, x>x<yn denotes
(oo (K*y)*y)*....... )*y inwhich ‘y’ occurs n-times.

An interval-valued intuitionistic fuzzy set (i-v IFS, shortly) “A” over X is an object having the
form A= {(x, ﬁA,XA) : X eX}, where p, (x): X — D[0,1] and XA(X):X—> D[0,1], the intervals
1, (X)and XA (x) denotes the intervals of the degree of membership and the degree of the non-
membership of the element x to the set A, where () =[pa (), s (9] and
XA (X) =[A A (X), A4 (X)] for all x e X with the condition [0,0] < ﬁA (x) + XA (x) <[1,1] forall x e X

. For the sake of simplicity, we use the symbol A= (na, XA).
Definition. 2.2. Ani-v IFS A = (X, ﬁA,):A) in X is an interval-valued intuitionistic fuzzy ideal of X, if it
satisfies

(i-v IF1) [, (0) =i, () and A, (0) <, (X)

(i-v 1F2) pa (%) = min{ i, (X * ), s (03

(i-v IF3) An(X) < min{ A, (X *y), L. (Y)}Hor all x,y e X.
Theorem.2.3. An intuitionistic fuzzy sub-algebra A =(X,p,,A,) is an intuitionistic fuzzy ideal of X if
and only if for X,y,ze X, X*y <z =p, (X) = min{, (), (2 }and A, (X) < max{i, (¥),A, (2}
Theorem 2.4. LetA = (X, ;’IA,XA)be an interval valued intuitionistic fuzzy ideal of X.
If x<y in X, thenp, (X) >p,(y), XA (X) < XA (y),that is, p,is order-reversing and XA is order-
preserving.
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3 Interval-valued intuitionistic fuzzy n-fold BCK- ideals of BCK-algebras :

Definition 3.1. Ani-vIFS A= (ﬁA,XA)in X is an interval-valued intuitionistic fuzzy n-fold BCK-
ideal of X, if it satisfies
(i-vBCKIn 1) 1, (0) =i, (x), XA 0)< XA (x) and there exists a fixedn € N such that

(ivBCKIM 2) fi, (x*y™) 2 min{ju, ((x* A 2)uy (@)}

(VBCKIN3) X, (x+y") < max A,y ((x» YL 2)p (2)}for all X,y,z € X

Theorem 3.2

Every interval-valued intuitionistic fuzzy n-fold BCK- ideal of X is an interval-valued intuitionistic
fuzzy deal of X.
Proof:

Put y =0 in (i-vBCKI1"2) and (i-vBCKI1" 3) we get the proof of the result.

The following example shows that the converse of theorem 3.2 may not be true.
Example 3.3

Let X = Nuw{0} , where N is the set of natural numbers , in which the

operation® * is defined by x*y =max{0, x-y}forall x,y e X.Then X is a BCK-algebra.
Let A= (ﬂA,xA) be an i-v IFS in X given by
fip (0)=[0.7,0.8]>[0.3,0.4]=fi , (x)and X , (0)=[0.1,0.2] <[0.3,0.4] =% , (x).

for all x(=0)e X .Then A is an interval-valued intuitionistic fuzzy ideal of X but it is not an interval-
valued intuitionistic fuzzy 2-fold BCK-ideal of X, because

gA(s*zz) =i, (1)=[0.3,04]<[0.7,0.8] =i  (0) = min{ftA((S*Z?’)) #0),fi , (0)} and

NE 22) = XA(l) =[0.4,0.45]>[0.1,0.2] = XA(O) = max{XA((s %23)) *0),XA(0)}

We give a condition for an interval-valued intuitionistic fuzzy ideal to be an intuitionistic fuzzy n-fold
BCK-ideal

Proposition 3.4
Let A:(ﬂA,XA)be an interval-valued intuitionistic fuzzy ideal of X. ThenA is an interval-valued

intuitionistic fuzzy n-fold BCK-ideal of X if and only if it satisfies the following inequalities
i (xxy™)> ﬁA(x*yn+1)and Rpcxy™) < XA(x*y”“) for all x,y e X.

Proof:

Put z=0in (i-v BCKI"2)and (i-v BCKI"3), we get

n+1) n+1}

i (xxy™) > min{ii ) (cxy™ ) *0)p 00 =mingii y (e y™ i (O =5 (x#y
and 7, (x*y") < max{, ((x *y”+1)*0),71A(0} - max{XA(x*y“+1),XA(0)} =iy ey

n+1

Therefore, ﬁA(x*yn) > ﬁA(x*yn+1)and XA(x*yn) < XA(x*y yforall x,y e X.
Conversely, Since (i-vIF2) and (i-vIF3) we get
i ey 2 i, Gory™ 2 min i (Gery™ ) #2)1 ) (20} and
A A - A A
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Rpcxy™) < XA(x*y”“) < max{l, ((x xyN «2) 1 @)} forall x,y,ze X,
Thus A = (ﬁA,XA) is an interval-valued intuitionistic fuzzy n-fold BCK-ideal of X

Corollary 3.5
Every interval-valued intuitionistic fuzzy n-fold BCK-ideal

A= (ﬁA,XA)of X satisfies the inequalities i , (x xyl) > i «y"K) and
XA(x*yn)siA(x*ynJrk) forall x,y e X.and ke N

Proof:
Using the proposition 3.4, the proof is straightforward by Induction

Theorem 3.6.
An interval-valued intuitionistic fuzzy set A = (ﬁA,XA) in X is an interval-valued intuitionistic fuzzy
n-fold BCK-ideal of X if and only if the non-empty upper §-level cut U(QA;§) and the non-empty lower

t-level cut L(A A;f) are n-fold BCK-ideals of X for any3,t € D[0,1].
Proof: The proof is straight forward.

4 Interval-valued intuitionistic fuzzy n-fold positive implicative ideals of

BCK-algebras :

Definition 4.1
Ani-vIFSA = (ﬁA,XA) in X is an interval-valued intuitionistic fuzzy n-fold positive implicative ideal

(i-vIFPI" -ideal ) of X if it satisfies
(i-vIFPI"1) ﬁA(O) > ﬁA(x), XA(O) < XA (x) and there exists a fixed n € N such that
(VIFPI"2) i, (xxz") 2 min{fi , (xxy)*2"), iy (y*2"))

(i-vIFPI" 3) XA(X*Z”) < max{XA((x*y)*z”), XA(y*z”)}for all x,y,zeX.

Example 4.2
Let X ={0,1,2}be a BCK-algebra with the following Cayley table

*

0
1
2

N, OO
NO O

o|o|oN

Define an i-v IFS A = (ﬁA,XA) in X by
“A(O) = [0.75,0.8],uA(1) = [0'6’0‘7]’“A(2) =[0.2,0.3]and
AA(O) = [0'1’0'15]’7“A(1) = [0'2’0'25]’”A(2) =[0.4,0.45]
Then A= (ﬁA,XA) is an interval-valued intuitionist fuzzy n-fold positive implicative ideal of X for all

neN
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Theorem 4.3

Every interval-valued intuitionistic fuzzy n-fold positive implicative ideal X must be interval-valued
intuitionistic fuzzy idea of X.
Proof:

Putz = 0in (i-vIFPI "2) and (i-vIFPI"3) , we get the proof of the result.

The following example shows that the converse of the Theorem 4.3 not true in general.
Example 4.4

Let X =Nu{0} , where N is the set of natural numbers , in which the operation * is defined by
x*y =max{0, x-y}forall x,y e X. Then X is a BCK-algebra.

Let A= (gA,XA) be an i-v IFS in X given by
fip (0)=[0.7,0.8]>[0.3,0.4] = fi , (x)and %, (0) =[0.1,0.2] <[0.4,0.45] =1 , (x),

for all x(=0) e X. Then A is an interval-valued intuitionistic fuzzy ideal of X but A is not an interval-
valued intuitionistic fuzzy 2-fold Positive implicative-ideal of X, because

np(1355%) =, (3)=[0.3,0.4]<[0.7,0.8] =i , (0)
=min{ji , ((13%3)%5%)), i, 3*5%)}
XA(13 x52) = XA (3)=[0.4,0.45]>[0.1,0.2] = , (0)
- max{kA((13*3)*52)), xA(s*SZ)}

Theorem 4.5
Let A= (ﬂA,XA) be an interval-valued intuitionistic fuzzy ideal of X. Then A is an interval-valued

intuitionistic fuzzy n-fold positive implicative ideal of X if and only if it satisfies the inequalities

gA((x*z“)*(y*z”))ng((x*y)*z”)and XA((x*z”)*(y*z”))siA((x*y)*z”)for all x,y,zeX.
Proof:

Let x,y,ze Xand a=x*(y*z") and
b=xxy. Since, for all x,y,z € X, (x*(y*z™))*(x*y))*z")<(y*(y*z"))*z" , By BCK-1 and Theorem
2.4, we have i, ((x*(y*z")*(xxy)*zM) 2 i 5 (v*(y*z") #2") and
MG (yxzxexy) sz ) <Ry (yx(yrzh) 2"
Thenfi, ((a*b)*2") =i, ((xx(y*z N *(xxy)rz) 2, (y*(yrz™)*z")

S INCALREAED) [By P3]
={i, (0). [By BCK-3]

and so QA((a*b)*zn):ﬁA(O).
And & (@b)ezM) =1, (cx(y sz *(xxy)#2") <R, (y*(yz")*z")

SNCALDEEED) [By P3]
=2 NOE [By BCK-3]
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and szA((a*b)*z”) =71A(0).
Using (P3), (i-vIFPI"2)and (i-vIFPI"3) we obtain
gz sz =) (xr(yxzM) ez =, (axz")
>min{fi , ((a*b)*z"),fi , (bxz")}
= minfi , (0).fi, (b*2")}
=fiy(bxz") =fi, (x*y)*z")and
A (Cexz)x(yrzM) =0, (xx(yxz)xz") =k, (ax2")
< max{XA((a*b)*z”),}lA(b*z”)}
= max{ A(O),X A(b*zn)}
=hpbxz") =1, (x*y)*2")
Thusfi, (2 (yx2") 2 i, ((x+y)*2") and

XA((X*Z“)*(y*z”))gXA((x*y)*z”) forall x,y e X.
Covertly , For any x,y,z € X. Using (i-vIF-2) and (i-vIF-3), we obtain

iy Gz 2ming@, (crz ") #(y 52 ML 5 2} 2 mindi, (cey)*2" )i, (v+2")) and

XA(X*Z”) < max{XA((x *z”)*(y*z“)),XA(y*z”)} < max{XA((x*y)*z“),XA(y*z”)} for all
X,y,ze X. Thus A= (ﬁA,XA) is an interval-valued intuitionist fuzzy n-fold positive implicative ideal of
X.

Proposition 4.6
Let A= (ﬁA,XA)be an interval-valued intuitionistic fuzzy ideal of X. Then A is an interval-valued

intuitionistic fuzzy n-fold positive implicative ideal of X then it satisfies the inequalities
fp ey 2, (exy)xyhanddy ey < ((exy)#y™) forall xy e X.

Proof:

Put z=y in(i-vIFP1"2) and (i-vIFP1"3), we get the proof of the result.

Proposition 4.7
LetA= (ﬁA,XA) be an interval-valued intuitionist fuzzy set of X. Then A is an interval-valued

intuitionistic fuzzy n-fold positive implicative ideal of X if and only if it is an intuitionistic fuzzy n-fold
BCK-ideal of X,

Proof:
Putting z=yin (i-vIFP1"2) and (i-vIFPI"3) , we get

fip Ccry™) = minfy ((xy)*y ML (7 y™) = mini, oy (00}

=i xxy" ) and
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RpCcry™) < max(h (ry)+yM A 0y = max{ii , xy™h3 L O}

_ XA(X *yn+1) .

n+1

Therefore, QA(x*yn)ZﬁA(x*yn”)and XA(x*yn)sXA(x*y yforall x,y e X.

By proposition 3.4, A is an interval-valued intuitionistic fuzzy n-fold BCK-ideal of X.
Conversely, It follows from (P3) and (P4) that

fip (Ocx 2y x(y ez =i, (2™ 22y x(ye2) =g (xx2")x(y 2" *2")
>fip ((cxy)z).
Az x(yrz) =0, (2 ez x(yez™) =1, (xx2") ey 2" #2")

<Ry (xxy)ezh).
Using Corollary 3.5, (i-vIF2) and (i-vIF3) we get

fip (2™ 2 iy (2?2 mingfi (222 (v # 2 (722"
>mindfip ((cxy)*z ) fip (v*2 )}
RpGxxz") sXA(x*zzn) smax{XA((x*ZZ”)*(y*z”)),XA(y*z”)}

<max{i , (xxy)*z")h, (ye2")}

Thus A is an interval-valued intuitionistic fuzzy n-fold positive implicative ideal of X.

Theorem 4.9
Let A= (X, ;’IA,XA) be an i-v IF set of X, Then the following conditions are equivalent.
0] A is an interval-valued intuitionistic fuzzy n-fold positive implicative ideal of X .
(ii) The non-empty sets U (i,;[S;,5,]) and L(XA;[tl, t,]) are interval valued
n-fold positive implicative ideals of X ,for all [s,,s,],[t,, t,] € D[O,1]

Proof:
The proof is straight forward.

Theorem 4.10
Let A= (aA,XA)be an interval-valued intuitionistic fuzzy ideal of X, then the following Conditions are

equivalent:
(i) A= (aA,XA)is an interval-valued intuitionistic fuzzy n-fold positive implicative ideal.
(i) A= (aA,}ZA)is an interval-valued intuitionistic fuzzy n-fold BCK-ideal of X.

n+1

(iii) ﬁA(x*yn)ZﬁA(x*yn+1)and XA(x*yn)SXA(X*y ) forall x,y e X.

(V) fp (xzy(yr 2" )2 iy (Oox ype 2V) andd, (2 x(yez") <y (xxy) ez
forall x,y,ze X.

(V) Ui pslsyspDand LG sl ]
all[s; s, 1.[t;.t,]< D[0,1].

yare n-fold positive implicative ideals of X for
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Proof:

The proof is follows from the Proposition 4.7.Proposition 3.4, Theorem 4.5 and
Theorem 4.9

Theorem 4.11

If A= (ﬁA,XA) is an interval-valued intuitionistic fuzzy n-fold positive implicative ideal of X then
(i) for x,y,abe X, (x*y)*y")*a<bimply py (x xyly> min{fi , (a),fi 5 (b)} and

A Gexey™) <max{h y @, (b))
(if) for x,y,zabe X, ((x*y)xz")xa<bimply i, ((x*z")*(y*z")) = min{ii ()i , 0)}

and XA((x*z“)*(y*z”)) < max{XA(a),XA(b)}

Proof:
(i) Letx,y,z € X be such that ((x+y)*y")*a<b.Using Theorem 2.3,

We have i , ((x*y)*y") 2 min{fi , ()i (D)} and R , ((x*y)*+y") < max{h , @)1, (b))
Put z=yin (i-vIFPI"2)and (i-vIFPI" 3) we get
iy Cory™) 2 mindf, () ey (xy™) =mingi, (xey)*y™).i L (0))
=, (xy)ry") 2 min{fi, ()i, (b)) and
A Coxy™M) <max(ly ((exy)ry )R, vy} =maxh y ((exy)ry )R L (0))
=p (Ccxy)y™) < max{is (@) (b))
Therefore, fi , (x* vy > min{ji A @i 5 (b)}and ) S y") < max {A A(a),i AD)}
(ii) Letx,y,z € X be such that ((x+y)*z")*a<b. It follows from Theorems 4.5, Theorems 4.6 and By (i).
We obtain i, ((x#2")#(y*2™M) 2 i, (x*y)*2") 2 min{fi , (a),fi 5 (b)} and

A (CerzMye(yxz)) <Ry ((xry) ez Smax(R y (a)h , (0)}

This completes the proof.
Theorem 4.16.
(Extension property for an interval-valued intuitionistic fuzzy n-fold positive implicative ideal). Let

A:(ﬁA,XA)andéz(ﬁB,XB)be an interval-valued intuitionistic fuzzy ideals of X such that
A(0)=B(0) andAc B, that is, i (0)=fig(0), X, (0)=Ag(Oand i, () <A (x).k, () 2500,
for allx e X. If A:(ﬁA,XA)is an interval-valued intuitionistic fuzzy n-fold positive implicative

ideal of X then so is B .
Proof:
It is sufficient to show that B:(X,uB,xB) satieties the inequalities }]B(X*yn )ZQB(x*ynﬂ) and

n+1

XB(X*yn)SXB(X*y ) for all x,yeX.
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Let X,y e X.Using (BCK-3), (P3) and Proposition 3.4, we get

ey < ooy ey
n+1))

fig(0) =i, (0)=fip (x*(x *y
=fip (xy)*(xry
<fig((xyMxcxy™hand A0 =%, 0)=7, ((xx (ex e

> % (o (ery™ ) ey
=T oy oy,

>Kg((xxyM*(x ey,

Therefore, ﬁB(O)SﬂB((X*yn)*(x*yn+1) and XB(O)ZXB((x*y”)*(x*y”“) forall x,yeX. It
follows from (i-vIF1), (i-vIF2) and (i-vIF3) that

}:LB(X*yn)Zmin{gB((X*yn)*(x*ynJrl n—i-l)}

). fig(x*y

n+1 n+1)

>min{fig (0).fig(x*y
And g Gory™) < maxdig (ory™) s oy M) A oy

=fig(x*y

<max{i g (0)Ag (xxy M =Rg (xoxy™™h)

n+1

Therefore, ﬁB(x*yn)ZQB(x*ynJrl)and Ao (xxyM) < (x*y" T forall x,yeX.

B( B(
ThusB = (ﬁB,XB) is an interval-valued intuitionistic fuzzy n-fold positive implicative ideal of X.

5. Conclusion :

Every interval-valued intuitionistic fuzzy n-fold BCK- ideal and interval-valued intuitionistic fuzzy
n-fold positive implicatice BCK- ideal of X is an interval-valued intuitionistic fuzzy deal of X. An

interval-valued intuitionistic fuzzy n-fold positive implicative ideal of X satisfies the inequalities
fp (2 (yxz) 2 iy (xxy) 2" ) and

XA((X*Z”)*(y*z”))sXA((x*y)*z”)for all x,y,z e X.

Interval-valued intuitionistic fuzzy n-fold positive implicative ideal of X if and only if it is an
intuitionistic fuzzy n-fold BCK-ideal of X. Characterizations of these notions and extension property of

interval-valued intuitionistic fuzzy n-fold positive implicative ideals are proved.
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