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Abstract

In this paper, we study the existence of solutions for fractional differential equations with the Caputo-Hadamard fractional
derivative of order « € (1,2]. The uniqueness result is proved via Banach’s contraction mapping principle and the existence
results are established by using the Schauder’s fixed point theorem. Furthermore, the Ulam-Hyers and Ulam-Hyers-Rassias
stability of the proposed equation is employed. Some examples are given to illustrate the results.
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1. Introduction

Fractional differential equations are considered as active field of research due to their applications in
various areas including dynamics, computer science, and biological sciences. For instance see ([19, 24, 31,
32, 34, 37]). The existence theory is one of the most important topics in fractional calculus. Researchers
have obtained many results about the existence and uniqueness solutions for the initial and boundary
value problems of fractional differential equations in the sense of Riemann-Liouville and Caputo frac-
tional derivatives, see ([1, 3,4, 5, 6,7, 14, 16, 17, 23, 26, 27, 28, 29, 38]).

Recently, several scientists have been interested in Hadamard-type fractional differential equations. The
Hadamard fractional derivative is a specific type of fractional derivative assigned to Hadamard in 1892
[11]. This fractional derivative differs from the Riemann-Liouville and Caputo fractional derivatives in the
sense that the kernel of the integral contains a logarithmic function of arbitrary exponent. The existence
and uniqueness of mild solutions of boundary value problem for Caputo-Hadamard fractional differential
equations with integral and anti-periodic conditions investigated by [20].

Rezapour et al. [35] investigated the existence results for solutions of a new class of the fractional bound-
ary value problem in the Caputo-Hadamard settings. Abbas et al. [2] proved some existence results for a
class of Caputo—-Hadamard fractional differential equations, the results are based on Monch’s fixed point
theorem associated with the technique of measure of non-compactness.
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Liu et al. [22] dealt with the existence of solutions of the boundary value problems for nonlinear fractional
differential equations.

y(0)=0, y’(1)=DE y(1) =

where D%, denote the Caputo fractional derivatives of orders &, with 0 < & < 1, D ', is the Riemann-
Liouville fract1ona1 derivative with 1 < f <2 and o+ 3 > 2, and b > 0 is a constant real number.

Wang et al. [39] employed the upper and lower solution method along with the fixed point theorem (FPT)
of a cone to investigate the existence and uniqueness of a positive solution for

{CD“ L DP oy +flty(t)=b, 0<t<l,

D8‘+y(t)+f(ty( ))=0, 0<t<l,
y(0) =0, y'( foy s)ds, o€ (1,2].

Recently, more researchers are interested in applying the Ulam-Hyers stability see ([8, 9, 10, 15, 40]).
Murad et al. [30] studied the existence, Ulam-Hyers and Ulam-Hyers-Rassias theorems of solutions to a
differential equation of mixed Caputo-Riemann fractional derivatives.

Muniyappan and Rajan [25] discussed Ulam-Hyers and Ulam-Hyers-Rassias stability for the fractional
differential equation with boundary condition

D¥y(t) =f(t,y(t)), 0<ax<1,
ay(0) +by(T) =¢,

where D is Caputo fractional derivative of order «. Liu et al. [21] researched the stability of generalized
Liouville-Caputo fractional differential equations in Ulam-Hyers sense.
Patil et al. [33] concerned the existence and uniqueness of positive solutions to the fractional differential
equation.

“D&y(t) +f(t,y(t) =0, 0<x<1,

with nonlocal integral boundary conditions

y(0) =y’(0) + g(y),
y(1) = i y(s)ds

where 1 < a < 2, CD(‘)"+ is the Caputo fractional derivative of order «, f : [0,1] x R* — R™, and
g:C[0,1] — R*.

Motivated by the above work and the researches going on in this direction, in this paper, we study
existence and uniqueness of solution of Caputo-Hadamard fractional differential equation.

DRyt = fLy(y), te] =, (LD)
with the boundary condition
y(1) =y'(1),
12
{y(e)szy(t)dtt, 12

where CHD‘x Caputo-Hadamard fractional derivative, with 1 < oo <2 and f : [1, e] x R — R is continuous
function. We apply Schauder and Banach-fixed-point theorems to obtain the existence and the uniqueness
of solution for the (1.1)-(1.2) under certain hypotheses. Furthermore, some stability theorems such as
Ulam-Hyers and Ulam-Hyers-Rassias stability are proved. A few examples are presented as an application
to illustrate the main results.
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2. Preliminaries

Let us introduce some definitions and lemmas that are basic and needed in various places of this
work.

Definition 2.1. ([19]) (Riemann-Liouville fractional derivative). Let f : (0,00) — R be a continuous func-
tion. Then the Riemann-Liouville fractional derivative of order & > On = [«] + 1, ([«] denotes the integer
part of the real number «) defined as

1 d\"
0810 = i ()

x n—a—1
Fn o) J (x — 1) f(t)dT,

0
Wheren—1 < o < n.
Definition 2.2. ([19]) (Caputo fractional derivative). Let f : (0,c0) — R be a continuous function. Then

Caputo fractional derivative of order o« > O,n = [&] + 1, defined as

1 X
“DE, f(x) = Fn—o) Jo (x — 7)) (1)dr,

Wheren—1 < « < n.

Definition 2.3. ([19]) The Hadamard fractional integral of order o« € R for a continuous function f is

defined as , )
o f(x) = . Xyt f(m)
Ia f(x) = Mo L+ (log(T> - dr,
Definition 2.4. ([19]) The Hadamard derivative of fractional order « € R for a continuous function f is
defined as . q N (1)
o — Sn L )
DI = ey ) L+ <log T) — dv,

where n —1 < a < n ,n = [a] +1 where [«] denotes the integer part of the real number o

Lemma 2.5. [18] Let o > 0, and n = [o] + 1. If y € ACRa, bl, then the differential equation “HD*y(t) = 0,
has solutions

n—1 t
h(t) = Z ck(log a)k/
k=0
and the following formula holds: 1%, CHD%, y(t) = y(t) — Y1, cx(log L)k,
wherec, € R, k=1,2,...,n—1.

Definition 2.6. [36] The equation (1.1) is Ulam-Hyers stable if there exists a real number c¢ > 0 such that
for each ¢ > 0 and for each solution z € C!(J,R) of the inequality

SHD*z(t) — f(t,z(1))| <, te], (2.1)
there exists a solution y € C!(J,R) of equation (1.1) with
z(t) —y(t) <ce, te]

Definition 2.7. [36] The equation (1.1) is Ulam-Hyers-Rassias stable with respect to ¢ & Cl(J,R,) if there
exists a real number c¢ > 0 such that for each ¢ > 0 and for each solution z € C(], R) of the inequality

HD*z(t) — f(t,z(t))| < ep(t), te], (2.2)
there exists a solution y € C!(J,R) of equation (1.1) with

lz(t) —y(t) < cep(t), te]. (2.3)
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Theorem 2.8. [12] ( Banach contraction mapping principle). Let H be a Banach space. If Z : H — His a
contraction, then Z has a unique fixed point in H.

Theorem 2.9. [12](Schauder Fixed Point theorem). Let H be closed, bounded and convex subset of Banach space X
and the mapping Z : H — H is a continuous map such that the set {zx : x € H}, is relatively compact.Then Z has
at least one fixed point.

Lemma 2.10. [13] (Gronwall Inequality). Let u(t) and f(t) be non-negative, continuous functions on I = [0, oo

for each inequality
t

u(t) <up+ L f(s)u(s)ds, tel, (2.4)

holds, where vy is a non-negative constant. Then

u(t) <ug eféf(s)ds, tel (2.5)

Lemma 2.11. For any y(t) € C(J,R), 1 < « < 2, then the boundary value problem (1.1)-(1.2) has a solution

e (] e 1 eyx—1 t (] tyoa—1
log s — OB L™ tis, y(s)) L(O?C;)

Proof. Applying Lemma 2.5, we can reduce the problem (1.1)-(1.2) to an equivalent integral equation

y(t) = 2(log(t) + 1) | sy @8

1 F(OC+ 1)

t 1 tya—1
y(t) =co +cqlog(t) —i—L (O%(i)f(s,y(s))dss,

to find ¢p and ¢y, from the first boundary condition y(1) = y’(1), we get

t (log £)x—1 ds
t) = cp(l t—|—1+Jst,s,
y(1) = eollog(t) +1) + | st y(s))
by using the condition y(e) = fle y(t) %, the result is
e (log g)ocfl ds
e) =2c —i—J —25 f(s,y(s))—,
yle) =2e0+ | s y(s))
" [ruwd = Jes [ LB s wan 2t
1y t _ZCO 1 J1 F(oc) 'Y s t’/

by using Fubini’s theorem, the following is obtained

e e (] eyo
J (t)dtzchJFJ o8 f(s,y(S))E~

! | ol (a) s
Hence 1 i a1
_, [¢ (og § —aj(log )~ ds
co —ZL Mot 1) fls,y(s))
this implies that
B ¢ (log € — o) (log £)*~! ds [* (log L) ds
y(t) = 200g(t) + 1) | B IB (s, y(s) T | FE ity

and this complete the poof. O
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3. Existence and Uniqueness of Solutions

Let C = C(], R) denote the Banach space of all continuous functions from ] to R, with the norm defined
by
[yl = sup{ly(t)l, t € J}.

To prove the main results, we introduce the following assumption:
(H1) There exists constant 1 > 0, such that

[t y(®)] < uly()l
(H2) There exists constant k > 0, such that
[t x(1)) — F(t, y ()| < Kix(t) —y(t)l
First result is based on Banach contraction principle. For the sake of convenience, we set the notation:

S +9
TN +2)

Theorem 3.1. Assume that (H2) hold. If Ak < 1. Then the boundary value problem (1.1)-(1.2) has a unique
solution on |.

Proof. Define the operator B : C(J,R) — C(],R) by

e (] e 1 eyua—1 t 1 tya—1
(By) (1) = 2(logft) +1) [ BBy D BB g5y, )

MA
let's set r > A and show that BG, C G,, when G, ={y € C(J,R) : [yl| < 1}, and M = sup [f(t,0)],

for t € G,, we have

¢ |(log € — o)|(log &) ds  (*(log§)*! ds
By < 2Aloglt) + 1) | B T iits (oI + | S tls, u(a)I
¢|(log € — o)|(log £)* 1 ds [ (logi)*! ds
By < 2Aloglt) +1) | s T (s y(s)) — s, 01T + | “Ee—i(s, 01F
t (log L)1 ds ¢ |(log € — «)|(log £)* 1 ds
+ [ Bl y1s)) — 105,01 + 20l0g(0) +1) | (5,0,

e \(logf —0()|(10g§)‘x71 ds t (logé)“fl ds
By < [o | LB SIS do, [FOOBIT 5] (4 pi)

Byl =A(kr+M) <.

Therefore, BG, C G;. Now to that B is a contraction mapping, let y;,y> € G, and for each t € ], we
obtain

e (] ey _ 1 eyu—1
|B(y1)(t)—B(yz)(t)|<2(10g(t)+1)J tog ) — ad(log ;)

MNoa+1)
Jt (log%)o‘_l !
1 Tle)

£(5,ya(s) (s, va ()

(s un(s)) = (s, v2 ()1

¢ (log € — «)(log f)“il ds [* (log E)“*l ds
< [Z”Og(e) ] B S i

¢ [(log )% ds ¢ “(logf)“fl ds t (logﬁ)“fl ds
s [4<J1 l“(c>c+1)s+J1 Wg) +L I

IB(y1)(t) = B(y2) (t)] < Akllys (t) —y2(t)l].

}knyl(t) —_—

]knyl(t) —wl,
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Therefore, it follows from condition Ak < 1, that B is a contraction operator. Thus we conclude by Banach
contraction mapping principle that operator B has a unique fixed point, which is the unique solution to
the problem (1.1) and (1.2). O

Next, the result is based on Schauder’s fixed point theorem.
Theorem 3.2. Assume that (H1)-(H2) hold. Then the boundary value problem (1.1)-(1.2) has at least one solution.

Proof. : This proof will be presented in four steps.
Step 1: We will show that B is continuous.
Assume that {yn} be a sequence such that y, — y in C(J, R), then for each t € ] we have

e (] e _ 1 eya—1
Bl ) 1) — Bly) (1) < 20logft) +1) | BB iy () s, y()| S
t (log 1)t ds
[, Bttt ynls) — s,y

¢llog€—allog€)*tds [t (logl)*!ds
[[ ogs o 1" 4 LWS]knyn(t)—y(t)L

o[ e [ el i)

p Tla+1) s )i Tla+1) s . Tl) s

< [2(10g(e) +1)

[Blyn)(t) = B(y) ()] < Ak llyn (t) —y(t)]l.

Then according to Lebesgue dominated convergence theorem this implies that [|B(yn)(t) — B(y)(t)llcc — O
as n — oo.

Step2: B maps the bounded sets into the bounded sets in C(],R).

For any d > 0, such that Hg ={y € C: |jyllc < d}. It is obvious that Hq is closed, convex subset of C(]J, R).
Suppose that y € C then for each t € ], we have

¢ |(log £) — o (log &)*! ds [t (logt)*! ds
B(y)(6)] < 2Aloglt) + 1) | B (s, y(s )T+ | Sty
¢|(log €)—of(log £)* T ds (" (logt)*!ds
Bly) (1) < [2llogle) + 1) | (BSOS g [RB LTSS ye
e (logg)a ds e Oc(log%)“fl ds t (logg)“fl ds
R R T e 1 S
IBY)(t)llo < Apr=L
Thus, ||B(y)(t)ll < L, for some constant L.
Step 3: B maps C(J,R) into an equicontinuous set of C(J, R).
Lety € C(J,R) and tq, tp € ] with t; < tp, then
t2 (Jog L2)o1 ds ta (€ l(log &) — «l(log &) ds
B(y)(t2) = B(y)(t1)] < Ll r((X)If(s,y(S))ls+2\log(tl)\L ot 1) (s, y(s))l=
t ’(log%)cx—l _ (logt?l)aq’ ds
+|. o sy,
(log %)“ to, [¢(og $) — ocl(logg)"‘*1 ds t ’(log %)“*1 — (log %)“71’ ds
< [Pariay +aosl | R S| Mo S
(log £)* tr., a+2  |(logE)* —(log(t2))* + (log(t1))™]
Bly) (1)~ Bly) () < (o~ + 2 og( 212+ e )
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As t; — t, the right-hand side of the above inequality tends to zero.

Step 4: Now, we should show that B is prior bound.

Letu={y € C(J,R) : y = @By, for some 0 < ¢ < 1}, we need to show that the set u is bounded.
Lety € uand for each t € |, we have

e (] e _ 1 eya—1 t (] tyo—1
Bh”ﬁﬂgwﬂbgﬂ*]JL(Ogsrgﬁj?ﬁ ﬂ&ykntﬂ+@q;(%%£)ﬂ&ybniﬂ

e (loo € — log €)1 t (log £)x-1
2B OB s yisn S+ [ BB sy,

< 2(log(t) +1

(log(t) + )Jl Mot 1)
By <Aw,

which implies that u is a bounded set. By Schauder’s fixed point theorem, B must have at least one fixed

point which is a solution of (1.1) and (1.2). O

4. Stability Theorems

In the following theorems, we will prove the Ulam-Hyers stability and Ulam-Hyers-Rassias stability
for equation(1.1) on the interval | = [1, e].

Theorem 4.1. If the assumptions (H2) hold. Then the boundary value problem (1.1)-(1.2) is Ulam-Hyers stable.

Proof. For ¢ > 0, and each solution w € C(], R) of the inequality
D w(t) — f(t, w(t)) <& te],

Lety € C(], R) be the unique solution of boundary value problem (1.1)-(1.2). Then y(t) is given by

e (] e 1 eyx—1 t (] tyoa—1
y(t) = 20og(t) +1) [ EBL_IEBLI gy 2oy [LEB LIy L
Then, we have
e (] e 1 eyou—1 d t (1 tya—1 d
wit) (1) < fwlt) ~2ttog(o) +1) [ B EIEE gt w2 [ BB (s s
e (1 ey _ 1 eyx—1
+2f10g(t)+1) | BB (s () oG5, o)1 S
t (log L)~ ds
+ [ Bt wis) — syl

and by using (H2), the result is

e(log(t))* ¢|(log £) — al(log £)*! ds t (log )1 ds
S m +4kL Mo+1) w(s) _y(s)|s+kL T|W(S) —y(s)] s
where
e (] e 1 eyx—1 t (1 tya—1 1 «
Then, we get
o t 1 tya—1
wit) —y(0)] < Eﬁl(‘fi”l)) 411‘((:? 22)) Iw(t)—y(t)l—i—kL “’i(i) i) —y(s) <,

e(log(t))* D Jt (log L)t ds

w(t) —yt)l < A=) Mot 1) ) wis) —y(s)l<
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where D = T u and w = k((“ )), by using Lemma (2.10), it becomes
X
wit) —y(0)] < 0BTy
(1—m) Ma+1)

D

setc= e
(1) P (et1)
The inequality
w(t) —y(t)] < ce.

Hold, then the boundary value problem (1.1)-(1.2) is Ulam-Hyers stable. O

Theorem 4.2. Assume (H2) and
(H4) The function & € C(J,Ry) is increasing and there exist Ay > 0 such that, for each t € | = [1, e] we have

t (1 tyo—1
L %Ms)ds < Apd(t),

hold, then the fractional differential equation (1.1) with the boundary condition (1.2) is Ulam-Hyers-Rassias stable

with respect to ¢ on [1, e].

Proof. Let w € C(],R) be a solution of the inequality,

ICHD*w(t) — f(t, w(t))] < ed(t), te]. (4.

Denote y € C(J, R) be the unique solution of the boundary value problem (1.1)-(1.2), that is

_ (log € — «)(log %)"‘_1 ds t (log E)“_l ds
y(t) = 2(log(t) + 1) | EEEB s (5 L4 [ BB (s (s L
On the other hand, for each t € ], we have
(log € — oc)(logf)"‘_1 ds t (logﬁ)"‘_1 ds
V)~ y(0)] < fw(t) 2(log(t) +1) [ B ETEBI g5 (s 8- [ LB, w(s) |
e | 1 ey | 1 eyu—1 d
+2f1og(t) +1) | BB e(s (s — o5, (51
ﬂog )a—l éf
[ 18 (s i) s s
¢ (log ¢ — a)(log §)*~ ds (" (log &)™ " ds
< el +ax | CBETOMBETE, gy si [ 0BT gy,
where
(log € — o) (log £)* ! ds (" (log¢)*!
wit) ~2ftog(t) + 1) [ FEELETEEIp(s e - [ BBt wis) E| < 2 Agortt)
which yields that
eNpd(t) t (log$)*!
wit) —y(0] < T 4D [ EE i)~y (o)
where D = =l and w = k((“ )) , by using Gronwall Lemma(2.10), the result is

og Lyax—1 s
Apd(t) bt o

w(t) —y(0] < G S

1Y)
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D
Setc = Ao e
(1)
The inequality
w(t) —y (D) < ed(t).
Hold, then the boundary value problem (1.1)-(1.2) is Ulam-Hyers-Rassias stable. O

5. An Examples
This paper involves an examples to illustrate our main result.

Example 5.1. Consider the boundary value problem

Diy(t) = '+ J

20 + cos(t)
e ds (5.1)
Y=, yle) = | yio
where o = % and f(t,y(t)) = e t+ W , by using (H;) the result is obtained
f(t,y1(t)) — f(t, <— 1 —uol
If(t,y1(t)) — f(t,y2))l 20+cos(t)|yl Yol

Since k = 0.205, from Theorem (3.1), we have Ak = 0.60353384 < 1, then the problem (5.1) has a unique
solution on [1, e].

Example 5.2. Consider the following problem of Caputo-Hadamard fractional differential equation

Diy() = 42080, 52
with the boundary conditions
{y(l) =y'(1), 59
(e)=JTyls)<,
where o = 4, and f(t,y) = y;ﬁgﬁ for all t € [1, e], by using Lipshitz condition, we have

9(t, 91 (8)) — 7(8, v2(0)] < 3glyr —val,

k= 18, then Ak = 0.297584754 < 1. from Theorem (3.1), the problem (5.2)-(5.3) has a unique solution on
[1,el.

6. Conclusion

In this paper, we studied existence and uniqueness of solutions of Caputo-Hadamard fractional differ-
ential equations with boundary conditions. Our results are based on some classical fixed point theorems
such as Banach contraction mapping principle and Schauder fixed point theorems. At last, we have
presented two examples for the illustration of main results.
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