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Abstract

The nonlinear conjugate gradient (GJG) technique is an effective tool for addressing minimization on a huge
scale. It can be used in a variety of applications., We presented a novel conjugate gradient approach based on two
hypotheses, and we equalized the two hypotheses and retrieved the good parameter in this article. To get a new
conjugated gradient, we multiplied the new parameter by a control parameter and substituted it in the second
equation. a fresh equation for 3, is proposed. It has global convergence qualities. When compared to the two most
common conjugate gradient techniques, our algorithm outperforms them in terms of both the number of
iterations (NOIS) and the number of functions (NOFS). The new technique is efficient in real computing and
superior to previous comparable approaches in many instances, according to numerical results.
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Abbreviations: C]G conjugation gradient, NOIS number of iterations, NOFS number of functions, Min minimum, g,=Vf(x;)
gradient, B, A parameter has different formulas, ELS exact line search, F.T first term, S.T second term, T.T third term.

1. Introduction

In resolving the optimization with no constraints questions the conjugate gradient methodology (C]G) is quite
useful. The technique can be described this way

Min. f (x), x € R" (1)
where f : R™ — Rit's continually differentiable There are several steps to the CJG technique, including iteration.
Xp+1 = Xg + akdk; k= 0,1,2, (2)

Or v, = a,d;, where v, = x;,.1 — X

where x,, is the iteration point at the moment, a; > 0 is the length of a step, and d; is the search's general
direction. d,, is characterized by the following formula:

_gk, k = 0
d ={ 3
T =Gh1 + By, k21 ®

where g, is the gradient of f(x) at the point x,,. 5, € R determines which CJG technique will be used. There are
numerous formulae for ;.
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the gradients of f (x) at x; and k., respectively, are g, and g,,, The related techniques are described above.,
Hestenes and Steifel are two names for HAS. [9], Fletcher and Reeves are known as FAR. [11], PAR is Polak and
Ribiere [4], COD stands for Conjugate Descent. [12], BAA1 is AL - Bayati, A.Y. and AL-Assady [1], LAS is Liu and
Storey [13], DAY is Dai and Yuan [14], RMIAL is Rivaie, Mustafa, Ismail, and Leong [8]. MIMS is Mamat, Ibrahim
and Mohammed Sulaiman [5], hybrid by Zhang, L. [17] MMR is Mouiyad, Mustafa, and Rivaie [7], and lastly, LS+ is
the modification of Liu and Storey [16]. The standard formulae (HAS) and (PAR) are compared to our unique
Bid4* the formula in this study. The remaining sections of the text are included below. It's given as a modern
conjugate gradient formula with a novel algorithm approach in part 2, and as a descent condition, appropriate
descent condition, and global convergence proof in section 3. Section 4 contains graphs, percentages, and
visualizations. Finally, we arrive at the conclusion end in section 5.

2. Technique Update Proposed and Algorithm
2.1. The Modern Concept

As you see in that part, we will suggest based on hybridization for the new conjugate gradient method, there
are many proposed hybrid gradient conjugate formulas for example

AN = (1— 0, )BER + 0,8P4Y ,0 < 6, < 1see[2] 4

B,’}DY = max{cﬁ,?Ay, min{ﬁ;fAS, ,BI?AY}} , €= 1;_; see [3] ®
g£+13/k lf 0< gT g < gT g

ﬁk — max{d%yk,—dggk}' k+1Jk k+1Jk+1  see [15] (6)
BEAP, otherwise

The main idea of proposing the new method for the new conjugated gradient is to rely on two hypotheses, the
first is a conjugated gradient for Hestenes and Steifel multiplying a parameter, and the second depends on the
hybridization between Polak-Ribiere’s method and Hestenes-Steifel’s method, where we used to hybridize the two
methods the idea of the concavity function and we equalized the two hypotheses and extracted the good
parameter. We multiply the new parameter by a control parameter and substituted it in the second equation to
get a new conjugated gradient and the hypotheses that We suggested it as follows

T
_ 9k+1YVk
B = Toate %
kYVk
T T T T T
_ - 9k+1Yk Ik+1Yk _ _9k+1Vk | Jk+1Vk Ik+1YVk
B =1"F=+A-D=F—= T T. U T 3
K9k di Yk Ik 9k di Yk di Yk

From the equations above, we obtain

T91€+1Yk _ Gies1Vie | Jier1Vi _ Fies1Yk <g£+1Yk Fier1Yk _917;+13’k> _ Fier1Yk

= T =
dl}’k glgk di)’k di)’k db’k d}t)’k gggk dZYk

Gies1Vk  ir1Vi\ _ i1V 291V 9k 9k = Jier1 YV \ _ Jhe1Vk
=>T|2 ar -7 =4 =T dTv.al =T
Yk Ik 9k Yk kYkIrk 9k kVk

co_ Gk
295 9 — Ay
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Now we add a controlling parameter 7 to the formula we have

T 2
1n9i9 llggll
= kI - Ik \where 7 € (0,1) 9
20k 9k—dpyr  2llgrll>—diyk

Replacement (9) in (8), we acquire

T T T
AA4 __ 77||£Ik||2 Irk+1Yk Ik+1Yk 71||gk||2 Ik+1YVk 10
ko 7 2lggli2—dlyy llgxll? ar 2llggl2-alyy af (10)
Ik kYk 9k kYk Ik kYk “pYVik

Put (10) in (3) We've been given a new search direction.

—_ AA4
Ais1 = —Gik+1 + B di 11
T T T
= dpy = —g +< llgil?  GksaVi | GksaVie _ _ nllgill? gk+1yk> d (12)
k+1 k417 2lggliz—alyi Ngl? ~ alye  2llgilz-alyx alyy ) K

2.2. Outline of The AA4 Method
Step(1): Select x, € R™,¢ = 1075,17 € (0,1)

Step(2): Set k =0, Find f( xy), 9o, i = — 9

Step(3): Compute ;, > 0 meetings the stringent Wolfe requirement
[l + apdy) < flx )+ ¢ ap gy dy
IVf(xe + apd) dil < c;lgi"dyl
Let 0<¢c; <, <1

Step(4): Evaluate x;,1 = x, + axdy, 9,1 = V(9.1 If lgsrll < e break.
Step(5): Calculate dy,; = —gr+1 + BieA*d,,

T T T
AA4 _ nlgil®  Ik+1Vk | Gk+1Vk _ Marll?  Gir1Vk
k 2llglz—dlyy lgxll? alyy 2llgxliZ—alyy alyy

Step(6): If |g7, 19kl > 0.2llgx41I? go to step(2) else k = k + 1 and then head to step(3)

3. The New Method's Global Convergent Analysis
The properties of Bi#4*'s convergence should be analyzed. An algorithm's convergence must be proven. the

condition of descent, a descent of sufficient condition, and Properties of global convergence.

Theorem 3.1 Consider this sequence {x,} is created by (2), then the direction of search in (3) with the fresh
technique of conjugate gradient (10) fulfills the requirement of descent, that is d%,;gx+; < 0 using line search
(exact and inexact).

Proof:

From (3) and (10) we have

T T T
77||gk||2 Irk+1Yk Irk+1Yk _ 71||gk||2 Irk+1Yk d 13

2_4T 2 T 2_gT T ( )
2llgrli?=diyi gkl dpyi 2llgpll?—dpykx diyk

A1 = —Gka1 T (
Multiply all ends of the preceding equation by g7, to obtain

Gi1 VK941 %k _ nligell? Ihe1Vk
dfyy 2|lgill?—dfyi dfyi

nllgll®  gheaVe
2llgli2—dlyy llgell?

dis1Gisr = —lgusal® + Gierdi + Gi+1dk (14)
An exact line search, which needs a step size a; which requires g7,,d, = 0. The evidence is then complete. An
inexact line search that requires a step size of a, is gr,,d, # 0. Because (HS) meets the descent assumption, the

third term in equation (14) will be less than or equal to zero.

T T
nllgell®  Gir1Vk T __ nllgell®  GkeaVk T
20gl2—dLyi gz G175k = a)igliz—aly, aly, Jk+17k

d£+1gk+1 = —llgi+ > +

Since by strong Wolfe condition —g7,,d, < —c,grd, = c,llgill? and gL, ,di < dLy, = c;llgill? = —dLy, so,
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M gill® g1y dic Vi N gill® g1k
dk+1gk+1 ”gk+1”2 ol « - A 2”gk”2 = d1€+1.9k+1

2d? dt
(#y" + din) llgl? ( ke dTyk) dYi
_”g ”2 _ 7'Illgkllzgljc;lyk (dkyk C2||gk||2)
B et (ZdEYk +d,fyk) lgll? di Vi
2

= d£+1gk+1 < _||.9k+1||2 - Kg£+1yk

nngkn2 dgve | callgil? o L S
Where K = + ,which is positive, since ¢,, 7, llgx|I?, di.y, = 0
(2 kYk+dT ) ||gk||2 dzyk 2 k kJk
Yk

Multiplying and dividing the right-hand side by g7, ,y, we get

T T 2
dr 2 K(gk+1yk) = dT < +K (9k+191)
k1941 < —llGrea ll —g;fﬂyk kr19k+1 < —llGraa lI? ke P—oL, a0 ToksalZ—0L, 1 dr)
K(91€+13’k)2
= dis1is1 < —NGpesal? +

(=N gws2 1> = db’k)

(gl’{+1yk)z (15)

= dr < 2
k+1gk+1 ”gk+1” (“gk+1“2+d£yk)

Since itis K, (gr+1Yi)% llgrs111? and dLy, are greater than zero then dy,,;gx; <0 m

Theorem 3.2 Suppose that (2) generates the sequence {x,}, then the search direction in (3) with a conjugate
gradient approach is proposed (10) fulfill the condition for a sufficient descent, that is df,;gx1<—Cllgrs1lI?
using line search, both exact and inexact.

Proof:

Multiply the two sides of the equation (72) by g, we have

T T T
nllgl?  ghsaVi d, Giex1ViIks19k _ llgel®  GipaVe T

dr = —l 1 + d
ker1Gk+1 Grex1 2llgrl2—aTyr Igrel? i Ty, 2llgil?—dlyx dlye Jr1e

Now, since a parameter (HAS) provides the requirements for the descent, and the first third term in the above
equation will be less than or equal to zero, then the equation above becomes

T T
llgel®  Gii1Vk T __ nllgel*  Gke1Vk T d (16)
2llgilz-dLyy llgilz H+17K  2)gpliz—aly, aly, Jk+17k

dics1Gies1 <
Some after algebraic operations and the application of some conditions, as in the theorem (13) above, we get

2
(g£+1yk)
(lgr+1l2+dlyi)

2
k(g 1vK)”  Ngreal? a7)

T
=d < -
ke+19ke+1 (lgks1I2+aTyg) gk ll?

T
Aer19k41 < —

2
Let C = K(gk+17k) 1
(||gk+1||2+d J’k) lgr+1li?

which is positive, then dzﬂgk“S—Cllng > m

Global Convergent:

Suppose that the assumptions below are usually required to establish the convergence of the Methodology for
nonlinear conjugated gradients, see [6].

Assumptions:

a. f is confined below on the level set R™ continuous and differentiable in a neighborhood N of the level setS =
{x € R™ f(x) < f(x,)} at the start point x,,.
b. Because the gradient g(x) is Lipschitz continuous in N, there exists a constant L > 0 such that ||g(x) —
g <Lllx—yll.x,y €N.
We have the following theorem when it was shown using these assumptions [18].

Theorem 3.3 Assume that your assumption is right. Take into account any gradient that is conjugated from (2)
where d,, is a descent search direction and we use «; in both situations, precise and inexact line searches are
used. Then comes the condition called as Zoutendijk condition holds
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(ngdk)z
2
£ Tl

For proof see [10,18]. From the previous information, we can obtain the following convergence theorem of the
conjugate gradient methods.

Theorem 3.4 Suppose the hypotheses are accurate. Consider any conjugate gradient strategy of the sort (2) and

(3) where «a, is acquired through both exact and inexact line searches, and dj, is the descent search direction than

either

(grdi)?
lld, 112

k=1

lim [lg,ll =0 Or

< oo

Proof:

Contradiction is used to prove theorem 15. [t is false if theorem 15., then there exists a constant u > 0, such that

lgill = u, vi = 0. (18)
Rewrite (12), we get
disr + 9,0y = B dy 19)
Squaring the above equation, we get
ldicsr > = BN ll? = 29541 dir = NG I? (20)

Divide the equation's two sides. (20) by (g7, ,dy.1)? therefore we end up with

ldg1111? _(ﬁ;f“)zlldkllz_ 2 llgesll?
(g£+1dk+1)2 (917;+1dk+1)2 ngﬂdzm (g;+1dk+1)2

2
_(ﬁ;?A‘*)ZIIdklIZ_( L ||gk+1||> L1

B (g;+1dk+1)2 lgpsal g£+1dk+1 | gxsqI?

(B2 Mldy 117 1

N (g;+1dk+1)2 "gk+1”2
Substitute Bﬁ“, we have
( nllgel* 915+1J’k 9£+1Yk _ nllgell* glf+1}’k)2 lld, |12
ldjes1 117 20 g 12 — diyi gl * diyr  2llgll> — diyx diyi k + 1
(91’€+1dk+1)2 - (gl’f+1dk+1)2 lgr+1 12
2
( 7)917;+1yk _|_917;+1yk> d. |12
s II? 2l g llI* — dlyk dlyk *
(gl€+1dk+1)2 N (917;+1dk+1)2
B 2( Ngks1Yk g£+1yk>< nllgell? g£+1yk> lldII?
2l g ll* — db’k d£YR 2l g Il = d;CYR d;Cch (g£+1dk+1)2
2
+( nllgill? gzﬂl)’k) lld 112 1
2l g ll? — db’k db’k (91€+1dk+1)2 |G+ 117
2T 2 T 2 T 2 2
F.T = ( 1% (Gg+1k) + 21 (gje+1Yk) + (9i+171) ) lldgll
. - 2
algili-alglzaly+ @y’ 2lglzaly—@lvi)’  (@lyi) ) (Gheadier)

We know that ggﬂdk < dlyk and by Wolfe's condition ¢,g,7d, < dly, = —c,g,"d, = —dly, Thisimplies that

-1
gl = ;dlyk, SO

2 2 2
F 1% (giex1k) + 2n(gk41k) (9k+1K) lldll?

2T 2 24T 2
—4||gkll“dry —_ a_(gqT —c2llgrl?dy v T d
2k ggilzalye-collgrlzaly,  ~2e2loRI* = (dei) (e 1ier)
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T 2 T 2 T 2
SFT<— 12 (gke+1Yk) " 21(gies1Yk) (9k+11) lldglI?
ol iy g7 2Ty, 2ealonli+(alye)’  NoPai [ (o i)’
— o tlgrlPdiyiteallgrli?aiyi k
ST=—2 (Ug}€+1ykd£yk+g}€+13’k(2”gk”2—d£3’k)> ( nllgilgL, vk ) lldlI?
. - 2
(2lgrl?=dEyi)diyi (2lgil2—dfyi)akyi) (gF, dys)

(72 (92 iyl gidl? + nll g2 (s vl geI2 = diyi)) dkel?

= S.T=- 5
(@llgeli2 = dfy)dfye) (gFs1die)?

(—n? (972 dEyellgell? + 1l i (ghany)? (=21 gl + dye)) I

(gl = ATy )y ) (G sdisr)?

= S8T=2

(—=n* @k v dLyillgidl? + nllgilIP (972 70)? (~21lgill? + df gicrs + lgill?)) |1

(@lgil = ATy )y ) (G sdisr)?

= S8.T=2

Since g;,,d, < —c,9,d), by strong Wolfe condition, then g, d, < ¢, llg;lI?

(—n? (g% ALyl gell + 1l gi P (ghany)? Cllgidl? = Ngil1?)) k2

= S.T=2
(@llgiliz - d;fyk)dkyk) (Gier1di)’
s e _of (Pkayd’diyillgl® +n(1 — cz)llgkII‘*(gZHyk)Z)”deIZ
(@Ngell? = dfydEye) (GLadier)?
T.T= n?lgil* (9 1) [ D2 lgi* (g 1) Il

271 z 2 3 z z
(2lgeli2afyi—(afy)”) Geradirs) (#19x*(@yi) = Hgil?(@fri)” +(@Fyi)” ) (9F 41dis1)

We know that g, ,d), < d{yk and by Wolfe's condition ¢,g,7d, < dly, = —c,g,7d, = —dly, Thisimplies that
lgill? = - diyi = —collgill® < diy,

2
gkl (gks 1yic) lldicl®
T.T< - _oky — ;
(—ca4llgrlalyi—41gil2(aEye) —calarlZ(dEyi) )(GFedrsn)

2
—n2 4 dnl|?
:>T.T< n ”gk” (gk+1yk) ” k”
(CZ4Ingll"’d yit+4llgil?(al yk) +eallgrlz(alyy) )(gk+1dk+1)

Therefore 1, ¢,, g lI?, (gh11Vi)?, AL Vi, ld lI?and (g7, , dy.,)?are greater than zero, then

lldgsall? lld? 1
H k = 0theab li 1d <
o) 19 +1||2 ence e above inequality yields a0,y = ol
lldll? 1 lldll? K
H forall k, lude that ——= < . Therefore ——= < > So, by (18
ence for a we conclude tha Ty = TouP erefore ) = 0” o, by (18)
2 k 2 k 2 FRY) 2
lldl Z 1 ”dk” 1\ ”dk” K (grdi)® _ H
@ld)? = Lyie ~ (gfd? = Bl (gedi)? T ldill> ~ k
When we add both sides together, we receive Y., (‘ﬁ’;dl’l‘z) > 4% Y }1( o
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(ngdk)z
e =
£ Tl

Which contradicts Theorem 15's Zountendijk condition. After then, the proof is finished.

4. Qutcomes of Numerical Examination

A novel approach is tested for this section. The comparison tests comprise well-known nonlinear functions
(classical function to be tested) with distinct bounds 5 < N < 5000, and we compare our technique with Conjugate
Gradient methods ((HAS) and (PAR)), all cases the stopping condition is | g7 gx+1| > 0.21gx+1 1%, the outcomes
are given in table (1) specifically quote the number of functions NOFS and the number of iteration NOIS. More
findings from the experiments and table (2) certify that the fresh method C]G is good than the usual CJG (HAS) and
standard CG (PAR) concerning the NOIS and NOFS.

Table (1): Speed Equivalences for Three Methods traditional HAS, PAR, and AA4

Test No. Test Functions N Classical Algorithm (HAS) Classical Algorithm (PAR) New Algorithm (AA4)
NOIS NOFS NOIS NOFS NOIS NOFS
Powell 5 38 108 35 87 31 86
1 50 38 108 35 87 31 86
500 41 124 35 87 31 86
1000 41 124 35 87 31 86
5000 41 124 35 87 31 86
2 0oSP 5 10 56 10 56 10 56
50 36 133 37 147 35 121
500 112 353 110 341 105 332
1000 156 473 161 493 143 435
5000 256 744 276 844 256 776
3 Wood 5 30 68 29 67 27 62
50 30 68 29 67 29 66
500 30 68 30 69 29 66
1000 30 68 30 69 29 66
5000 30 68 30 69 30 69
4 Sum 5 6 39 6 39 6 39
50 11 60 11 60 11 60
500 21 124 21 123 20 109
1000 23 128 23 127 23 126
5000 31 159 31 145 28 129
5 Miele 5 28 85 37 116 34 108
50 31 102 44 148 37 126
500 40 146 44 148 38 128
1000 46 176 50 180 38 128
5000 54 211 50 180 44 162
6 Rosen 5 30 83 30 85 27 78
50 30 83 30 85 27 78
500 30 83 30 85 27 78
1000 30 83 30 85 27 78
5000 30 83 30 85 29 82
7 G-Biggs 5 20 64 20 63 17 52
50 FF FF FF FF FF FF
500 FF FF FF FF FF FF
1000 FF FF FF FF FF FF
5000 FF FF FF FF FF FF
8 Cubic 5 12 35 15 45 12 35
50 13 37 16 47 12 35
500 13 37 16 47 12 35
1000 13 37 16 47 12 35
5000 13 37 16 47 12 35
9 Dixon 5 13 30 13 30 13 30
50 4044 8090 532 1188 458 1035
500 499 1122 5395 10793 3842 7687
1000 2366 4737 511 1157 500 1118
5000 476 1068 516 1159 497 1126
10 G-Central 5 22 159 22 159 22 159
50 22 159 22 159 22 159
500 23 171 23 171 23 171
1000 23 171 23 171 23 171
5000 28 248 30 270 27 235
11 Fred 5 8 23 6 19 6 19
50 8 23 6 19 6 19
500 8 23 6 19 6 19
1000 8 23 6 19 6 19
5000 8 23 6 19 6 19
12 Powell3 5 16 36 FF FF 16 36
50 16 36 FF FF 16 36
500 16 36 FF FF 16 36
1000 16 36 FF FF 16 36
5000 16 36 16 58 16 36
13 Non-Diagonal 5 25 64 24 64 24 62
50 29 79 27 74 27 71
500 FF FF 27 73 27 71
1000 29 79 27 73 27 71
5000 30 81 27 73 27 71
14 Shallow 5 8 21 8 21 8 21
50 8 21 8 21 8 21
500 8 21 8 21 8 21
1000 9 24 9 24 9 24
5000 9 24 9 24 9 24

Totals
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Note, FF stands for failure. When both scenarios fail, we overlook the outcomes. When there is success in one
instance and failure in the other, we double the values for failure.

Table (2): compares the pace of change progress between the novel (AA4) and conventional (HAS) and (PAR)

Tools Standard (HAS) New (AA4) Standard (PAR) New (AA4)
NOIS 100% 75.9178% 100% 79.0760%
NOFS 100% 78.7374% 100% 80.9130%

Table (2) displays the rate at which the progress has occurred. in the novel method (AA4) with the classical
algorithms (HAS) and (PAR), The new method produces better numerical results than the traditional method., As
we observe, (NOIS), (NOFS) of the tradition algorithm (HAS) is about 100%, That is to say, the new algorithm has
improved on a normal algorithm (HAS) prorate (24.0822%) in (NOIS) and prorate (21.2626%) in (NOFS) and
normal algorithm (PAR) is about 100%, So the new method outperforms the traditional algorithm. (PAR) prorate
(20.924%) in (NOIS) and prorate (19.087%) in (NOFS), Overall, the new way (AA4) has been prorated enhanced
(21.3390%) compared with standard algorithms (HAS) and (PAR).

Number of Iterations

135 7 9111315171921232527293133353739414345474951535557596163 656769

HAS PAR == AA4

Number of Functions

135 7 91113151719212325272931333537394143454749515355575961636567 69

HAS PAR == AA4

Figure (1): shows clearly that the new method AA4 is better than standard methods (HAS) and (PAR) according to the (NOIS)
and the (NOFS).

5. Conclusion

We suggested a novel hybrid p#4* for CJG that possesses global convergent property in this part. According to

numerical data, this novel g{4* outperforms (HAS) and (PAR). We can and have proposed several new hybrids for

CJG of no constrained optimization in the future.
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