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Abstract

The aim of this work is to introduce a new class of nano semi-open sets in nano topological spaces which called nano
Sp-open sets in nano topological spaces. Also, we study the relationship between some types of nano near open sets with this
new class. The class of nano Sg-open sets exactly lie between nano Sy-open sets and nano semi-open sets. ©2022 All rights
reserved.
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1. Introduction

The notion of nano topological space (briefly NTS) introduced by Thivagar and Carmel [1] with respect
to a subset X of a universe; which is defined in terms of lower and upper approximations. Levine [2]
introduced the notions of semi-open. Abd El-Monsef [3] introduced the notion of 3-open sets in topology.
Later, nano semi-open sets introduced by Thivagar Carmel [1], also nano {3-open sets introduced by
Revathy and lango [4]. During this work, we introduce the concept nano Sg-open sets as a strong form
of nano semi-open sets, since every nano Sg-open sets is nano semi-open sets and the relationship with
some class of nano near open sets. Various forms of family of nano Sg-open sets under various cases of
approximations idea also derived.

2. Preliminaries

Definition 2.1. [5] A non-empy finite set U of objects called the universe and R is an equivalence relation
on the set U named the indiscernibility relation. Elements which in the same equivalence class are called
indiscernible with one another. The couple (U, R) is said to be the approximation space. Let X C U:

1. The lower approximation of X with respect to R denoted by L (X) and defined by
Lr (X) = Uyxeu {R(x);R(x) € X}, where R(x) denotes the equivalence class determined by x.
2. The upper approximation of X with respect to R denoted by Ug (X) and defined by Ug (X) =

Uxeu {RO);R)NX # b}
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3. The boundary region of X with respect to R denoted by Br (X) and defined by Bg(X) = Ug (X) —
Lr (X).

Definition 2.2. [1] Suppose that U denote the universe and R is an equivalence relation on U and
R (X)={¢, U, Lg (X), Ug (X), Br(X)} where X C U. Then the following axioms hold for T (X):

1. Uand ¢ € tr (X)

2. The union of members of T (X) is in Tg (X).
3. The finite intersection of members of T (X) is in Tg (X).

That is, Tg (X) is a Topology on U and named the Nano Topology on the set U with respect to X. The pair
(U, tg (X)) called the NTS. The members of Tg (X) are called nano open sets and [tg (X)] is called the
nano dual topology of Tr (X).

Definition 2.3. [4]
nint(A) = U{G;G € tg(X) and G C A}
ncl(A) =N{F,F € [tr(X)]¢ and A C F}

Definition 2.4. Let (U, tg (X)) be a NTS and M C U. The set M is said to be Nano:

—_

regular-open [1], if M = nint (ncl (M)).
o-open [1], if M C nint (ncl(nint ((M))).
semi-open [1], if M C ncl (nint (M)).
pre-open [1], if M C nint (ncl (M)).
v-open [1], if M C nint (ncl (M)) Uncl (nint (M))

- open (nano semi pre-open) [4], if M C ncl (nint (ncl (M))).

Sp-open [6], if M is nano semi-open and M = U{F,; F« is nano pre-closed set}.

§B-open [7], if M C ncl (nint (ncl® (M))).

9. 0-open [8], if for each x € M, there exists a nano open set G such that x € G C ncl(M) C M.

PN DN

The set of all Nano regular-open (resp. Nano x-open, Nano semi-open, Nano pre-open, Nano y-open,
Nano -open, Nano 0-open, Nano Sp-open and Nano 5(3-open) sets denoted by nRO(U, X) (resp.
nxO (U, X),nSO (U, X),nPO (U, X), nyO(U, X), npO (U, X),n60O (U, X),nSpO (U, X) and n6R0 (U, X)).

Definition 2.5. [6] A NTS (U, tg (X)) is said to be:

1. Nano locally indiscrete space, if every nano-open set is nano closed.

2. A topological space is called extremally disconnected if the closure of any open subset is still an
open subset.

3. Nano clopen if nint (A) = ncl(A).

Theorem 2.6. [1] Let (U, g (X)) be a NTS. if Ug (X) = Uand Lg (X) # ¢, then ¢, U, Lr(X) and Bgr(X) are
the only nS-open sets in a NTS L.

Theorem 2.7. [1] Let (U, g (X)) be a NTS. if Ug (X) = Wand Lg (X) # ¢, then ¢, U, Lg(X) and Br(X) are
the only no-open sets in a NTS .

Theorem 2.8. [1] Let (U, tg (X)) be a NTS. If Ur (X) # U, Lg (X) = &, then & and those sets A for which
Ug(X) C A are the only no-open sets in a NTS U.

Theorem 2.9. [1] Let (U, tr (X)) be a NTS. If Ug (X) = Lr(X) # U, then ¢ and those sets A for which
U (X) C A are the only nx-open sets in a NTS U.

Theorem 2.10. [1] Let (U, tr (X)) be a NTS. If Ug (X) # Uand Lg (X) = ¢, then & and those sets A for which
Ug(X) C A are the only nS-open sets in a NTS U.
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Theorem 2.11. [1] Let (U, tr (X)) be a NTS. If Ur (X) = Lg(X) # U, then & and those sets A for which
Lr(X) C A are the only nS-open sets in a NTS L

Theorem 2.12. [1] Let (U, tg (X)) be a NTS. If Ug (X) # Lr(X) where Ur(X) # U and Lg (X) # ¢, then ¢,
Lr (X),Br(X) and any set containing Ug (X), Lr (X) UW and Bg (X) UW where W C [Ug (X)I° are the only
nS-open sets in a NTS U.

Theorem 2.13. [1] The union of any two nS-open sets in U is nS-open sets in a NTS L.

Theorem 2.14. [4] In a NTS (U, tr (X)), the following statements are true:

Every nano-open set in (U, tr (X)) is nf-open set in a NTS U.
Every nS-open set in (U, tr (X)) is np-open set in a NTS UL
Every nP-open set in (U, tr (X)) is nf3-open set in a NTS L.
Every na-open set in (U, tr (X)) is np-open set in a NTS U.
Every nR-open set in (U, tg (X)) is nf3-open set in a NTS L.

Gl W=

Theorem 2.15. [4] The union of any two nB3-open sets is nP-open set in a NTS U.
Theorem 2.16. [4] If Ur(X) # U, then &, U and any set which intersect Ug (X) are n3-open set in a NTS L
Theorem 2.17. [4] If Ug (X) = W in a NTS, then n3O(X) is P(U).

Theorem 2.18. Let (U, Tg (X)) be a NTS when Ug (X) = Lg(X) # Wand Ug (X) ={x}, x € U, then ¢, U #
A enpC (U, X) ifand only if Ug (X)NA = ¢.

Proof. Let ¢, U # A € n3C (U, X) if and only if A€ is nf3-open set if and only if A N Ug (X) # ¢, that is
A€ containing x, since Ug (X) = {x}, so that AN Ug (X) = ¢. O

Theorem 2.19. [6] Let (U, Tr (X)) be a nano topological space, then the following statements hold:

IfM e nbO(U,X) = M e ndO(U, X).

if M € nRC(U, X) = M € nSO (U,X) nnPO(U, X).
IfM e€nbO(U,X) =M enS,0(U, X).

If M € nbO (U, X)nnSO(U, X) = M € nS,0(U, X).
If M € nRC(U, X) = M € nS,0(U, X).

IfM enS,0(U,X) =M e nSO(U, X).

AL N

Theorem 2.20. [7] Every nf3-open is ndR-open.

3. Nano Sg-Open Sets

Definition 3.1. A nano semi-open set A of a NTS (U, Tg (X)) is said to be nano Sg-open set, if for each
x € A, there exist a nano 3-closed set F such that x € F C A. The set of all nano Sg-open sets denoted by
nSpO(U, X).

Definition 3.2. The complement of nSg-open sets are called nano Sg-closed sets. The set of all nano
Sp-closed sets denoted by nSgC (U, X).

Proposition 3.3. If A € nSgO(U, X), then A € nSO(U, X).
Proof. Follows from Definition 3.1 O

Remark 3.4. The Proposition 3.3 Shows that every nSg-open set is nS-open set, but the converse may no
be true general, as it shown in the next example.
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Example 3.5. Let U={a, b, c} with U/R={{a}, {b, c}} and X={a}, then tr (X)={p, U, {a}} and
nSgO (U, X) ={¢, U}. Consider the set {a} enSO(U, X) but not in nSgO(U, X).

Proposition 3.6. A subset A of a NTS (U, tg (X)) is nSg-open set if and only if A is nS-open and the union of
np-closed sets in a NTS.

Proof. Follows from Definition 3.1. O

Proposition 3.7. If {Ai;1 € A} is a family of nSg-open sets in a NTS (U, g (X)), then U{Ai;i € A} is also
nSg-open set.

Proof. Let {Ai;i € A} be a family of nSg-open sets, by Proposition 3.3 and Theorem 2.13, the for each x €
UA; € nSO(U, X), there exists n3-closed set such that x € F C A; C UA;. This implies that x € F C UA;.
Therefore, U{A;;1 € A} is also nSg-open set. O

Remark 3.8. The intersection of two nSg-open sets in a NTS U, may not be nSg-open set in general, as it
shown in the next example.

Example 3.9. Let U={a, b, ¢, d} with U/R={{a, b}, {c}, {d}} and X={aq, c}.
Then TR (X) :{(b/ ul {C}/ {a/ bl C}/ {al b}} and nSBO (u/X) :{d), u/ {C}/ {a/ b}/ {C/ d}/ {a/ b/ d}/ {Cl, b/ C}}/
then {c, d} and {a, b, d} are nSg-open sets, but {c, d} N{a, b, d} ={d} which is not nSg-open set in U.

Remark 3.10. Class of nSgO(U, X) is supra topology on U.

Theorem 3.11. If A1, Ay € nSgO(U, X) and nSO(U, X) forms a nano topology on U, then Ay N Az € nSgO(U, X)
and nSg O (U, X) forms a nano topology on .

Proof. Suppose that A1, A; € nSgO(U, X) and nSO(U, X) forms a nano topology on U. By Proposition 3.3,
A1, Az are in nSO(U, X) and nSO(U, X) forms a nano topology, then A; NA; € nSO(U, X). Letx € A1 NAy,
then x € A1 and x € A». So there exist nf3-closed sets F; and F, such thatx € F; C A andx € F{ C A, .
Hence x € F; NF,, and by Theorem 2.15, the intersection of two nf3-closed sets is nf3-closed set, it follows
that A1 N A is nSg-open. Therefore, the collection of n3-open sets form a nano topology on U. O

Remark 3.12. The concept of nano-open sets and nSg-open sets are independent in general. From Example
3.5,{a} € r (X), but {a} £ nSgO(U, X). Also, form Example 3.9, {c, d} € nSgO(U, X), but {c, d} ¢ tr (X).

Theorem 3.13. Let (U, Tr (X)) be a NTS, then the following statements are true:

IfA enS,0(U, X) = A enSgO(U, X).
IfAenbO(U, X) = A enSgO(U, X).

If A e nRC(U, X) = A enSgO(U, X).

IfA enRO(U, X) = A enSgC(U, X).

IfA enbO (U, X)NnSO(U, X) = A e nSgO(U, X).

Ol W N =

Proof.

1. Suppose that A is nSp-open set, then there exists a nP-closed set F such that F C A for each x in A.
By Theorem 2.14 (3), A is nf3-closed set such that F C A for each x in A. Hence A is nSg-open set.

2. Suppose that A is n0-open set, then by Theorem 2.19 (3), F is also nS,-open set, by Part (1), A is
nSg-open set.

3. Suppose that A is nR-closed set, that is A = ncl (nint (A)), but A C ncl (nint (A)), it is implies that
A is nS-open set. The set A is nR-closed, then A€ is nR-open set, by Theorem 2.14 (4), we get A©
is nf3-open set, that is A is nf3-closed set. Now, A is nS-open set and also nf-closed. Thus, A is
nSg-open set.

4. It follows form part (3).
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5. Suppose that A € n0O (U, X) "nSO(U, X), then by Theorem 2.19 (5), A is nS,-open set, then by
Part (1), A is nSg-open set.

O

Remark 3.14. The converse of each part of above Theorem 3.13 may not be true in general, as it shown in
the next example.

Example 3.15. Let U={a, b, ¢, d} with U/R={{a}, {b, c}, {d}} and X={a, b}.

Then tg (X)={d, U, {a}, {b, ¢} {a, b, c}}, n6O (U, X) ={¢, U}, nRO (U, X) ={p, U, {a}, {b, c}},

nSpO (X) ={d, U, {a, d}, {b, ¢}, {b, ¢, d}} and nSp O (X) =nSO (U, X). Take A = {a}, then A is nSg-open but
not nSp-open set. Take B = {a, d}, then B is nSg-open set but {a, d} ¢n6O (U, X) . Take C = {b, c}, then CisnSg-
open but not nR-closed in U. Take D = {a, d}, then D is nSg-open set but {a, d} ¢ n6O (U, X) NnSO(U, X).

Proposition 3.16. If a NTS (U, tg (X)) is locally indiscrete, then every nS-open set is n.Sg-open set.

Proof. Let A be a nS-open set in U, then A C nint (ncl(A)). Since U is locally indiscrete, then nint(A)
is nano closed set and hence nint (A) = ncl (A) which it means that A is nR-closed in U. Therefore, by
Theorem 3.13 (1), A is nSg-open set. O

Remark 3.17. Let A C U. If A € nSgO(U, X) and A is the union of nP-closed sets, then A € nS,0(U, X).
Theorem 3.18. Let (U, Tr (X)) be a NTS, then the following statements are true:

1. Every nSg-open set is ny-open set.
2. Every nSg-open set is n3-open set.
3. Every nSg-open set is ndB-open set.

Proof.

1. Suppose that A is nSg-open set, then by Proposition 3.3, A is nS-open set, hence A C nint (cl (A))U
ncl (nint (A)).

2. Suppose that A is nSg-open set, then by Proposition 3.3, A is nS-open set, then by Theorem 2.14 (2),
A is nf3-open set.

3. Suppose that A is nSg-open set, then by part (2), A is nf3-open set, by Theorem 2.20, A is néf3-open
set.

O

Remark 3.19. The converse of each part of above Theorem 3.18 is not true in general, as it shown in the
following examples.

Example 3.20. Let U={a, b, c} with U/R={{a}, {b, c}} and X={a}, then tr (X) ={d, U, {a}}. The nano y-open
sets are {p, U, {a}, {a, b},{a, c}} and nSgO (X)={d, U}. Consider at least the set {a} is y-open set but not
nSg-open set.

Example 3.21. Let U={a, b, ¢, d} with U/R={{a, b}, {c}, {d}} and X={a, c}.

Then, tgr (X) ={d, U, {c}, {a, b, c}, {a, b}nSO (X) ={d, U, {c}, {a, b}, {c, d}, {a, b, d}, {a, b, c}},
npO (X) = P (U) —{d}, then nSgO (X) = {d, U, {c}, {a, b}, {c, d}, {a, b, d}, {a, b, c}}. Consider {b, c} €
nBO(X), but {b, c} € nSO(X). Also, {b, c} € nBO(X), but {b, c} € nSgO(X).

Example 3.22. Let U={a, b, ¢, d} with U/R={{a, b}, {c}, {d}} and X={c, d}, then tr (X) ={, U, {c, d}}. A={b}
is ndB-open set but not nSg-open set.

Proposition 3.23. In a NTS (U, tr (X)) if Tr (X) (resp. nSO (U, X)) ={¢, U},

then nSgO (U, X) ={¢, UL

Proof. Clear. O

Remark 3.24. The converse of above Proposition 3.23 may not to be true in general. Thatis, if nSgO (U, X) =
{¢p, U} is does not mean nSO (U, X) ={¢, U}, as it is clear in Example 3.5.
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4. Family of Nano nSg Open Sets in Term of U (X), Lg (X) and Bg (X)

In this section, we consider nSg-open sets by study of U (X), Lg (X) and B (X) approximations with
respect to X. In this view, we can easily find nSg-open sets in NTSs.

Theorem 4.1. Suppose that Ug (X) = W and Lg (X) # ¢ in a NTS (U, tr (X)), then tr (X) = ’tg (X) =
58 (X) = % (X).

Proof. Suppose that Ug (X) = U and L (X) # ¢, then tr (X) ={d, U, Lg (X), Bgr (X)}. Then by Theorem
2.17, npO (X) = P(U). Then npC (U, X) = P(U) but nSO (U, X) C P(U) = npC (U, X), so nSO (U, X) =

nSgO(U, X), then by Theorem 2.6 and Theorem 2.10, we get Tr (X) = Tg (X) = TSRﬁ (X) =71x (X). O

Theorem 4.2. Suppose that Ug (X) = Wand Lg (X) = ¢ ina NTS (U, Tr (X)), then 1 (X) =nSgO (U, X) =
{U, o}

Proof. If Ug (X) = U and Lg (X) = ¢, then g (X) = {¢$, U}. Then by Proposition 3.23, nSgO (U, X) =
{u, ¢}. O

Theorem 4.3. Suppose that (U, T (X)) is a NTS. Let M and N be two nSg-open set, then M NN is nSg-open
ina NTS if Lg (X) # ¢ and Ug (X) = L.

Proof. Follows from Preposition 4.1. O

Theorem 4.4. Suppose that (U, tg (X)) is a NTS. If Ug (X) = Lg(X) # UWand Ug (X) = {x}, x € U, then
nSg0 (U, X) = {¢, U},

Proof. Suppose that Ug (X) = Lg (X) # U and Ug (X) = {x}, x € U, then g (X) = {d, U,{x}} . By Theorem
2.11, ¢ and those sets A for which Lg(X) C A are the only nS-open sets in U, so all nS-open sets contains
x, but by Theorem 2.16, ¢, U and any set which intersect Ug(X) are nf3-open set in U, then by Theorem
2.18, any proper subset which contains Ug (X) = {x} is not nf3-closed set in U, but since all nS-open set
contains x and there is no nf-closed set containing x, hence nSgO (U, X) = {¢, U}. O

Theorem 4.5. Suppose that Ug (X) # Win a NTS (U, g (X)). If M is nS-open set and M® NUg (X) # &,
then M is nSg-open set in a NTS U.

Proof. Let Ug (X) # U and M be a nS-open set such that M© N Ug (X) # ¢. Then by Theorem 2.16, M€ is
np-open set in U, then M is np-closed set. Hence M is nSg-open set in a NTS U. O

Theorem 4.6. (U, Tr (X)) be a NTS. If Ug (X) = Lr(X) # W and Ug (X) contains more than one element of U,
then ¢ and those sets M for which Ug(X) C M are the only nSg-open sets in NTS U.

Proof. Suppose that Ug (X) = Lr(X) # U and Ug (X) contains more than one element of U. By Theorem
2.11, ¢ and those sets M which Ug(X) C M are the only nS-open sets in U. Let M is nS-open set, then
Ug(X) € M. Let x € M, then:

Casel. If x € Ug(X) € M, by Theorem 2.16, {x} is nf3-open, since {x} N Ug(X) # ¢, then {x}° N Ug(X) #
¢, since Ug(X) contains more than one element of U. Hence {x}° is nf-open, so its complement {x} is
np-closed. Thus, x € {x} C M.

Case2. If x ¢ Ugr(X) C M, then {x} N Ug (X) = ¢, then {x}° N Ug (X) # ¢, so {x}° is nB-open set, then
its complement {x} is n3-closed set. Thus, x € {x} C M.

Therefore, ¢ and those sets M which Ug(X) € M are the only nSg-open sets ina NTS U. O

Theorem 4.7. Suppose that (U, tg (X)) is a NTS. If Ug (X) # U, Lr (X) = ¢ and Uy (X) contains more than
one element of U, then ¢ and those sets M for which Ug(X) C M are the only nSg-open sets in a NTS U.
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Proof. tr (X) ={¢, U, Ug (X)}, then the proof similar with Theorem 4.6. O

Theorem 4.8. Suppose that (U, tg (X)) be a NTS. Let M and N are two nSg-open sets in U, then M NN is
nSg-open if Ug (X) = Lr(X) # W and Ug (X) contains more than one element of NTS L.

Proof. Suppose that Ug (X) = Lr(X) # U and Ug (X) contains more than one element of a NTS U, then by
Theorem 4.6, ¢ and any set containing U (X) is nSg-open set. If M or N = ¢, then the result is clear. Let
M and N # ¢ be nSg-open sets in NTS U, then Ug(X) € M and Ug(X) C N and hence Ug (X) € MNN.
Thus, M NN is nSg-open set in NTS U. O

Theorem 4.9. Suppose that (U, tr (X)) isa NTS. If M and N are two nSg-open set, then M N N is nSg-open if
Ug (X) # U, Lg (X) = & and Ug (X) contains more than one element of a NTS U.

Proof. The proof similar to Theorem 4.8. O

Theorem 4.10. Let (U, tr (X)) be a NTS. If Lgr (X) # Ug(X) where Ug(X) # W and Lg (X) # &, then ¢,
Lr (X), Br(X) and any set containing Ug (X), Lg (X) UW and Bg (X) UW where W C [Ug (X)]€ are the only
nSg-open sets in a NTS U.

Proof. g (X) = {$, U, Ur (X), Lr (X), Br (X)}. It is clear Ug(X) contains more than one point of U.
By Theorem 2.12, ¢, Lg (X), Br(X) and any set containing Ug (X), Lg (X) UW and Bg (X) UW where
W C [Ug (X)]° are the only nS-open sets in NTS U. Since Ug(X) intersect any proper subset with less
than one point of U, say G, so by Theorem 2.16, G is nf3-open set and its complement is singleton nf3-
closed, that is, for any x € U, {x} € nBC(U,X), then by Proposition 3.6, any nS-open set is nSg-open
set. Therefore, ¢, Lg (X), Br(X) and any set containing Ug (X), Lg (X) UW and Bg (X) UW where
W C [Ug (X)]© are the only nSg-open sets in a NTS U. d

Theorem 4.11. Let A be a subset of a NTS (U, tr (X)). If A is nano clopen, then A is nSg clopen in a NTS L.

Proof. Suppose that G is a subset of NTS U which is nano clopen in U. Then nint(G) = ncl(G) and
G C ncl(nint(ncl(G))). Hence, G is np-open. Let K = G, then K is nf3-closed. Since G is nano
clopen, K is also nano clopen. So K C mncl(nint(ncl(K))) and thus K is nf3-open. Hence G = K¢
is np-closed. Hence, G and K are nfp-clopen in U. Again, G and K are nS-open as G and K both are
nano open. Therefore, for nS-open set G, and for each x € G there exists a nf3-closed set G such that
x € G C G. Thus, G is nSg-open. By similar argument K = G€ is nSg-open. O

Theorem 4.12. Let (U, tg (X)) be a NTS. If Ug (X) # U, Lg (X) = ¢ and Uy (X) contains more than one point
of U, then nSg0O (U, X) =naxO (U, X).

Proof. Follows from Theorem 2.11 and Theorem 4.7. O

Theorem 4.13. Let (U, tr (X)) be a NTS. If Ug (X) = Lr(X) # U and Ug (X) contains more than one point of
U, then nSgO (U, X) =naO (U, X).

Proof. Follows form Theorem 2.8 and Theorem 4.6. O
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