Available online at www.refaad.com
Gen.Lett. Math., 12(1) (2022), 9-22

Research Article

GENERAL

/ General Letters in Mathematics (GLM) LETERS N

MATHEMATICS

L L/

Journal Homepage: https://www.refaad.com/Journal/Index/1
ISSN: 2519-9277 (Online) 2519-9269 (Print)

Extensions of Nil-Reversible Rings with an Endomorphism «

Iman Jalal Ali#*, Chenar Abdul Kareem Ahmed?

4Department of Mathematics, Faculty of Science, University of Zakho, Iraq.

Abstract

The concept of an & — nil reversible ring is a generalization of « — reversible ring as well as an extension of nil reversible
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1. Introduction

Throughout this paper, every rings are associative with identity. R represents a ring, and the set of all
nilpotent elements in R is denoted by N(R). Z(resp., Z,) denotes the ring of integers (resp., modulo n).
We denote the n by n full matrix (with n > 2) (resp., upper triangular matrix) ring over R by the symbol
Matn (R) (resp., Un(R)), and let the symbol D, (R) be the ring of all matrices in U, (R) having diagonal
entries equal. And let R[x] (resp., R[[x]]) be the ring of polynomials (resp., power series ring) with an
indeterminate x over the ring R. A ring is called reduced if it has no non-zero nilpotent elements. It is
well-known that if R is reduced, then the next condition holds:

ab = 0 implies ba =0 for a,b € R.

However, Cohn [1] called a ring reversible if the above condition holds. It is clearly verified that reversible
rings are abelian (i.e., all idempotent is central). Recently, the concept of reversibility is extended to
o — reversibility and « — skew CNZ, where « is an endomorphism. Thus, if a,b € R, such that ab =0
implies ba(a) = 0 (resp., x(b)a = 0), then « is termed as right (resp., left) reversible, and the ring R is
called right (resp., left) o« — reversible if there exists a right (resp., left) reversible endomorphism « of R.
A ring is o« —reversible [2] if it is both left and right o« — reversible. And if a,b € N(R), such that ab =0
implies ba(a) = 0 (resp., x(b)a = 0), then « is termed as right (resp., left) skew CNZ, and the ring R is
called right (resp., left) « — skew CNZ if there exists a right (resp., left) skew CNZ endomorphism « of R.
A ring R is « — skew CNZ [3] if it is both left and right o — skew CNZ. Rings in which N(R) is an ideal
are said to be NI. The insertion-of-factors-property (simply, IFP) is a well-known property between NI
and commutative, according to Bell [4], a right (or left) ideal I of R is said to have the IFP if for a,b € R,
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such that ab € I implies aRb C I, therefore a ring R is called IFP if the zero ideal of R has the IFP. A
ring R is nil-IFP [5] if for a,b € R, such that ab € N(R)implies aRb € N(R). Due to Krempa [6], an
endomorphism o of a ring R is said to be rigid if ax(a) = 0 for a € R implies a = 0, and also the ring R
is called & —rigid [7] if there exists a rigid endomorphism o of R. A ring R is called & — compatible [8] if
ab =0« ax(b) =0, for each a,b € R. If R is « — compatible, then it is clear the endomorphism « is a
monomorphism. We call a ring R nil reversible [9] if 1(a) = r(a) for any a € N(R). In other way, a ring R
is nil reversible if ab = 0 for a € N(R), b € R then ba = 0. The concept of an x — nil reversible ring is a
generalization of « — reversible ring.

In this paper, we introduce a class of rings called « —nil reversiblerings which is a strict generalization
of & — reversiblerings as well as an extension of nil reversible rings, and then study the structure of right
o —nil reversible rings and their related properties. And also the relationship between o« — nil reversible
rings and generalized Armendariz rings is investigated. As a result, several known findings are obtained
as corollaries of our findings.

Throughout this paper, « denotes a non-zero endomorphism of a given ring, unless specified other-
wise.

2. Basic properties of right o« — nil reversible rings

In this section, we study the basic structure of right & — nil reversiblerings, investigating several related
ring examples and properties.

Definition 2.1. An endomorphism « of a ring R is called a right (resp., left) nil reversible if whenever
ab =0 for a € N(R) and b € R, ba(a) = 0 (resp., «(b)a = 0), and the ring R is called right (resp., left)
o — nil reversible if there exist a right (resp., left) nil reversible endomorphism « of R. A ring R is called
o —nil reversible if it is both right and left « — nil reversible.

Remark 2.2. (1) A ring R is nil reversible if R is Iz —nil reversible, where Iy is the identity endomorphism
of R. (2) All subring S with x(S) C S of an « — nil reversible ring is also an « — nil reversible ring.

The next example demonstrates that o —nil reversibility is not left-right symmetric.

Example 2.3. Consider a ring R = Uy (Z4), then N(R) = { (8 E) ta,c€{0,2}, be 24}. Let A = (8 (1)) €

N(R), :(é é)eR. WehaveAB:<8 é) (é (1))=<8 8>=0fb”tBA:<(1) (1)> (8 (1)):

(R), B
01 , . .
<0 0> # 0. So Ris not nil reversible.
(1)

Let o : R — R be an endomorphism defined by:

(5 D)6 9)

/ /
0 c> € N(R), B = <a E,) € R. Then aa’ = 0 and it implies that

Assume that AB = 0 for A = ( 0

Bo(A) = 0 since Z4 is commutative. Therefore R is right o« — nil reversible. However, for A = <O 2> € N(R),

0 2
11 . 0 2 , . .
B= € R with AB = 0, we have x(B)A = # 0, and thus R is not left « — nil reversible.

00 00
(2) Let 3 : R — R be an endomorphism defined by:

((69) =6 )

Then R is not right (3 — nil reversible but left 3 — nil reversible via similar calculation to (1) .
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However, we have the following;:

Theorem 2.4. For a ring R with an endomorphism «, we have the following.
(1) Let R be a reversible ring. Then R is right &« — nil reversible if and only if ab = 0 for a € N(R) and b € R,
implies aRo™ (b) = 0 and o™ (a)Rb = 0, for any non-negative integer n if and only if R is left « — nil reversible.
(2) Let R be a nil reversible ring. Then R is right o« — nil reversible if and only if R is o« — nil reversible.

Proof. (1) Assume that R be right & — nil reversible and ab = 0 for a € N(R), b € R. It is enough to
show that aRx(b) = 0 and «(a)Rb = 0. Since R is reversible and right o« —nil reversible, ab = 0 implies
bx(a) = 0 and ba = 0. If bax(a) = 0, then bx(a)c = 0 for any ¢ € R and so «(a)cb = 0, and thus
a(a)Rb = 0. From ba = 0, we have bac = 0 for any c € R, and so aRa(b) = 0. For the case R being left
o —nil reversible the proof is similar.

It is simple to obtain the converse by using the fact that R is reversible.

(2) Assume that R is nil reversible and right o — nil reversible and ab = 0 for a € N(R), b € R. Then
ba =0 and so ax(b) = 0. Therefore x(b)a = 0 since a(b) € N(R). So R is left & —nil reversible, implying
that R is a — nil reversible. The converse is obvious. O

Note that for a commutative ring R there exists an endomorphism « which is not o« —nil reversible by
the following example.

Example 2.5. Let Z, be the ring of integers modulo 4 and consider a ring R = Z4 & Z4, N(R) ={(a,b) : a,b €{0,2}}
with the usual addition and multiplication. Since R is commutative, R is nil reversible. Now suppose that « : R — R
be defined by o ((a,b)) = (b,a). Then « is an automorphism of R. For a = (2,0) € N(R), b = (0,1) € R,
ab = (0,0) but ba(a) = (0,1) (0,2) = (0,2) # 0, and thus R is not « — nil reversible.

It is evident that an « — reversible is & — nil reversible. However, there exists an « — nil reversible ring
which is not & — reversible as given in the next example.

Example 2.6. Consider a ring R = Uy(Z3). Then N(Uy(Z3)) = {(8 8) :be 23}.

Let « : R — R be an endomorphism defined by:

(6 2))=69)

It is obvious that R is o« — nil reversible. However, for A = (8 ;) and B = <(1) g) € R, with AB = 0. We have
Ba(A) # 0, and thus R is not o — reversible.

Every « —nil reversible is o« — skew CNZ, but the converse is not true as shown in the next example:

Example 2.7. Assume that R = Maty(Z;) and an endomorphism « : R — R defined by:

(€)= (%)

R is (o« —skew CNZ) by [3, Example 2.5] but not o« — nil reversible for A = <g (1)> € N(R), B = <(1) (1)> € R,

AB =0 but Ba(A) = <(1) (1)> <8 _01> = (8 _01> # 0. Therefore R is not right & — nil reversible, thus R is

not o — nil reversible.
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Now consider a right « — nil reversible ring R in its reverse condition:
(%) ax(b) =0 for a € N(R), b € Rimplies ba = 0.
In Example 2.3(1), the ring R = Uy(Z4) with the endomorphism « is right & — nil reversible but it does
not satisfy the condition (x). For A = <2 1) € N(R), B = <2 0) € R, we have Ax(B) = 0 but

0 2 00
02
BA_<0 0>;A0.

Proposition 2.8. (1) For a ring R with a monomorphism . R is satisfies the condition (x) above if and only if R is
right « — nil reversible.
(2) For an « — compatible ring R. R is satisfies the condition (x) above if and only if R is right & — nil reversible.

Proof. (1) Let R satisfies the condition(x). Suppose that ab = 0 for a € N(R), b € R. Then «(a)x(b) =
a(ab) =0 and so bx(a) = 0 by assumption. So R is right « —nil reversible.

Conversely, suppose that R is right o —nil reversible. If ax(b) =0 for a € N(R),b € R, then x(b)x(a) =

0 since x(b) € R. Hence ba = 0 because « is a monomorphism. Consequently, R satisfies the condition(x)

(2) Is an instantaneous result of (1) because « is a monomorphism when R is « — compatible. O

S

For a nonempty subset S of a ring R, r(S) = {c € R: Sc = 0} is said to be the right annihilator of
in R. And the left annihilator is likewise defined and written by 1g(S), then we type Tr(a)(resp., lr(a))
instead of rr({a}) (resp., lr({a})).

Proposition 2.9. For a ring R with an endomorphism « of R, the following are equivalent:
(1) Ris right o — nil reversible.

(2) 7r(S) € r((S)) for any nonempty subset S of N(R
(3 )ForeachaeN(R) ( ) € lr(x(a)).
(4) AB = 0 implies Ba(A) = 0 for any nonempty subsets A of N(R) and B of R.

Proof. (1) = (2), (2) = (3) and (3) = (1) follow from the definition of right & — nil reversible, and
(4) = (1) is straightforward.

Now for (1) = (4): Suppose that (1) holds. Assume that AB = 0, for two nonempty subsets A
of N(R) and B of R. Then ab = 0 for all a € A and b € B, therefore bax(a) = 0 by (1). Hence,
Bx(A)= >  ba(a)=0. O]

acA,beB

o — nil reversibility is closed under subdirect products and direct products, by the next proposition.

Proposition 2.10. (1) Let ) be an endomorphism of a ring R for each A € A, where A is some index set. The
subdirect product of an arbitrary family of « — nil reversible rings is & — nil reversible.
(2) The direct product of o — nil reversible rings is & — nil reversible ring.

Proof. (1) Suppose that {I) : A € A} be a family of ideals of R such that () I, = 0 and R/I)’s are right
AeA

o — nil reversible rings, take a € N(R) and b € R satisfying ab = 0. There is a positive integer m with

the property a™ = 0. Thus a+ Iy € N(R/I). Since N(R/I,) is nil reversible and (a +I5) (b+ 1)) =0,

(b+1\) & (a+ Ih) = (b+ 1)) (x(a) + I)) = O this implies bx(a) + I = 0. So b(a) € I, for all A € A.

That is, ba(a) € () In = 0. Therefore () I, is right & — nil reversible. Following similar argument, we

AEA AEA
have () Ix =0 is left & —nil reversible. Thus () I, is & —nil reversible.
AEA AEA
(2) It comes from the fact that N( [ Ra) = [ N(Ra) [10, Proposition 2.13]. Suppose that (aj, az,...) €
AeA AEA

N(]J] Ra) and (by,by,...) € ][] Ra such that (aj, ap,...) (by,by,...) = 0. Thus for each A = 1,2,...,
AEA AEA
axbp = 0, since R, is right o — nil reversible then by&(ax) = 0 For each A = 1,2,... , so we get

(by,b2,...) & (a1, ap,...) = 0. The method can be similarly proved for left & — nil reversible rings. O
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Proposition 2.11. Let R be an abelian ring with «(e) = e for any e = e € R. Then eR and (1 — )R are right
o — nil reversible if and only if R is right o« — nil reversible.

Proof. Since any subring S with «(S) C S of a right « — nil reversible ring is also right « — nil reversible
so eR and (1 — e)R are right « — nil reversible rings if R is right ot —nil reversible.

Conversely, suppose that ab = 0 for a € N(R), b € R then eaeb = 0 and (1 —e)a(l —e)b = 0.
Since eR and (1 — e)R are right & — nil reversible, then ebx(ea) = 0 and (1 — e)bx((1 —e)a) = 0. Hence
eba(ea) + (1 —e)ba((1—e)a)
=eba(a)+ (1 —e)bala)
=eba(a) + bax(a) —eba(a)
=ba(a) =0.

Thus R is right o — nil reversible. O

Proposition 2.12. If R is an « — compatible ring. Then R is an « — nil reversible ring.

Proof. Let ab =0 for a € N(R), b € R. Then there exists k > 0 such that 0 = (ab)® = ab ab...ab. Then us-
ing [8, Lemma 2.8], x(a) b (ab)* ! =0,and so «(a) b oc((ab)k_l) = 0. Therefore x(a) b «(a) oc(b(ab)k_z)
0, and then «(a) b «(a) b «((ab)*2) = 0. Continuing this process we have «(a)b = 0. Therefore
bax(a) = 0. Similarly we have R is left « —nil reversible, so R is a — nil reversible. O

And also by [11, Example 2.10], the converse of this proposition does not hold.

Proposition 2.13. Let R be an o — compatible ring with an endomorphism . Then the following are equivalent:
(1) R is nil reversible;
(2) R is o« — nil reversible;
(3) R is right o« — nil reversible;
(4) R is left o« — nil reversible.

Proof. (1) = (2): Assume that R is nil reversible and let ab = 0 for a € N(R), b € R. Then we have ba =0
and ax(b) =0 and so ba(a) =0 and «(b)a =0, since x(b) € R. Thus R is &« — nil reversible.

(2) = (3): is trivial.

(3) = (1): Suppose that R is right @ — nil reversible and assume that ab = 0 for a € N(R), b € R. Then
ba(a) =0 and so ba =0, since R is « — compatible. Thus R is nil reversible.

(3) = (4): Suppose that R is right @ — nil reversible and assume that ab = 0 for a € N(R), b € R. Then
ax(b) = 0 since R is & — compatible and so a(b)x(a) = 0, by assumption we have «(b)a = 0. Thus R is
left o« — nil reversible.

The proof (4) = (1) is similar. O

For an ideal I of R, if x(I) C I, then & : R/I — R/I defined by &(a + I) = «(a) + I is an endomorphism
of a factor ring R/I.
The class of right o« — nil reversible is not closed under homomorphic image by the next example:

Example 2.14. Let K be a field and R = K (a, b) be the free algebra with non-commuting indeterminates a, b over
K. Then R is a domain and so it is a reduced ring.
An automorphism « of R defined by:
a—bandb — a.

Thus R is clearly o.— nil reversible. Now, let 1 be the ideal of R generated by: ab, ab® and a3. Then for a+1 € N(R),
b+I1€Rwehave (a+1)(b+1) =ab+1=1but, (b+1) & (a+1) =b?+1+# I by the construction of 1. As a
result R/1 is not right & — nil reversible.

One may question that R is right « —nil reversible. if for any right « —nil reversible non zero proper
ideal I of R, R/I is right & — nil reversible, where I is considered as a ring without identity. However, the
following example removes the possibility.
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Example 2.15. Consider the ring R = (g E), where K is a field.
An endomorphism o of R defined by: « <<8 E)) = <8 _Cb>

Let ei; be matrix units with 1 at the entry (i,j) and zero elsewhere and let A = <8 (1)> € N(R),B = ((1) (1)> €R,

we have AB = 0 but B(A) = L1y (01 0. Therefore, R is not right o — nil reversible.
0 0/\0 0 8

Observe that the only non zero proper ideals of R are I1 = (IS E), I = <8 E) and Iz = <8 E) It is simple to

verify that 11, I and 13 are right « — nil reversible, and that R/1; = K and R/I, = K are also right & — nil reversible

since R/1y and R/1y are domain. Now for I3 = <8 g) One can easily show that 13 is not a reduced ideal. Now

consider the quotient ring R/Iz = { (8 (c)

& — nil reversible. Noticing that e € N(R), e11 € R. ejpeq; = 0 but ej1x(eqn) # 0.

) +I3: a,ce K} is reduced and so o is an identity map on R/1I3 right

Proposition 2.16. Let R be a ring with an endomorphism o and 1 an o« —ideal of R. If R/1 is right & — nil reversible
and 1 is o — rigid as a ring without identity, then R is right « — nil reversible.

Proof. Assume that R/I is right & — nil reversible and I is o« —rigid as a ring without identity. Suppose
that ab =0 for a € N(R), b € R. Then (a+I)(b+1I) =Tand a+1 € N(R/I), b+1 € (R/I), since R/I is
right & — nil reversible ba(a) € I. Hence ba(a) a(bx(a)) = ba(ab) o?(a) = 0 and since I is an & — rigid
ring we have ba(a) = 0. So R is right « — nil reversible. O

Corollary 2.17. Assume that R/1 is nil reversible for some ideal 1 of R. If 1 is reduced, then R is nil reversible.

Proof. Let a € N(R), b € R with ab = 0. This implies (a+1) (b+1) =1, for a+1€ N(R/I),b+1 € R/L
Since R/I is nil reversible, we get (b +1) (a 4+ 1) = I and so ba €, (ba)®> = baba = 0, and I is reduced
implies ba = 0. Thus R is nil reversible. O

Proposition 2.18. Let R be right o — nil reversible with a monomorphism o. If R is NI, then R is nil — IFP.

Proof. Suppose that R is NI and right « —nil reversible with ab = 0 for a,b € N(R). Then bx(a) =0 and
so 0 = b x(a) «(c) = b «(ac) for any ¢ € R. Note that x(ac) € N(R) since ac € N(R) for any c € R by
hypothesis. Therefore acb = 0 for any c € R. So R is nil —IFP. O

3. Extensions of right o« — nil reversible rings

For a ring R with an endomorphism « and n > 2, the corresponding (ai;) — («(ay;j)) induces an
endomorphism of Mat, (R), U, (R) and Dy, (R), respectively. We denote them by &.

Note that for a reduced ring R, both U;(R) and D,(R) are & — nil reversible for any endomorphism
. However there exists a reduced ring A with an endomorphism « such that Mat;(A) is not right
& —nil reversible as shown in the next example:

Example 3.1. An automorphism « of Z, defined by:

0—1and1 — 0.

00 00
(1 1) (1 O> _ <0 1) # 0. Therefore Maty(Z,) is not right & — nil reversible.

Consider R = Maty(Z3). Now for A = <O 1) € N(R), B = <1 1> € R, we have AB = 0 but Ba(A) =

00 11 00



Iman Jalal Ali, Chenar Abdul Kareem Ahmed, Gen. Lett. Math. , 12(1) (2022), 9-22 15

Dn(R) and U, (R) (for n > 2) need not be right & — nil reversible, when R is right « — nil reversible
with an endomorphism «.

Example 3.2. Take a ring A = Uy(R) over right « — nil reversible R and define an endomorphism « of A by:

(6 2)=6 <)

<0 1> <0 1) (1 1> <0 1)
Now for a = g 8 8 (1) € N(D3(A)), b = 8 8 (1) (1) € Dy(A). We have ab = 0, but
(60) (o) 0 o) (o 0)
<1 1) <O 1 (O —1) <0 —1> (O —1) (0 —1)
bala) = 00 0 0 0 O 0 0 _ 0 O 0 O 20,
(

00 (o)) \Go) ()

Thus Dy (A) is not right & — nil reversible.

(o) ()

Notice that Mat, (R), U, (R) and Dy (R) (for n > 3) are not right & —nil reversible for any ring R with
an endomorphism «, such that «(1) # 0 (e.g. , « is a monomorphism).

Example 3.3. Let R be a ring with an endomorphism «, such that «(1) # 0. Consider the ring D3(R), let
A = ez € N(D3(R)), B = eq2 + ez + e € D3(R).

0 0O 011 011 00 O
Then AB=10 0 1 0 0 1)]=00butBa(A)=1[0 0 1 0 0 «(1)] #0. Thus D3(R) is not
0 0O 0 0O 0 0O 00 0

right & — nil reversible.
In a similar way, we can show that Dy, (R) (for m > 4) is not right & — nil reversible.

For a field K, some subrings of D3(K) are right & — nil reversible rings.

Proposition 3.4. Let R be a right « — nil reversible ring . Then the following hold:

a b c
(1) Let S = { (0 a 0) :aq,b,ce R} be a subring of D3(R). Then S is right & — nil reversible.
0 0 a

a 0 c
(2) Assume that S = { (0 a b) :a,b,ce R} be a subring of D3(R). Then S is right & — nil reversible.
0 0 a
0 b c u v t
Proof. (1) Let A = (0 0 O) e N(S),B = (0 u O) €S
0 0O 0 0 u
Assume that AB = 0, and so bu = 0 and cu = 0, for b,c € N(R) and u € R, since R is right « —

u
nil reversible, we have ua(b) = 0 and ux(c) =0

u v t 0 b c 0 ux(b) ux(c)
Hence B&(A)={0 uw O0]&|0 O O0]=10 0 0 = 0. Thus S is right & — nil reversible.
0 u

0 0 0O 0 0 0
(2) By using similar method in proof (1), We get S is right & — nil reversible. O

Given a ring R and an (R, R) —bimodule M, the trivial extension of R by M is the ring T(R, M) =R&M
with the usual addition and the next multiplication: (ci, m1) (c2, m2) = (c1c2,cymp + mycy). This is

. . . . c m : .
isomorphic to the ring of all matrices <0 . ), where ¢ € R and m € M and the usual matrix operations

are used.
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Proposition 3.5. Let R be a ring with an endomorphism «. If T(R, R) is &« — nil reversible, then R is o« — reversible.

Proof. Let a,b € R with ab = 0. Notice that <8 g) € N(T(R,R)), (8 g) € T(R,R), we obtain

0 a\ /b O 0 ab 0 0\ . . . . b 0\ _ (0 a)
(O 0) <0 b> = <0 0) = (0 O>' Since T(R,R) is « — nil reversible, hence (O b) & (0 0> =

(8 b(xéa)) = 0. This gives ba(a) = 0. Therefore R is right o« — reversible.
By using similar method, we get R is left @ — reversible. Thus R is an « — reversible ring. O

The notion of a right « — nil reversible ring does not go up to polynomial rings (power series rings)
by the following example:

Example 3.6. Take Z; as the field of integer modulo 2 and let A = Z, (ay, aj, az, bg, by, by, d) be the free algebra of
polynomials with zero constant terms in non-commuting indeterminates. ap, ai, az, b, by, ba and d over Z,, and
an automorphism & of A defined by :

ap, ai, az, bO/ bll b2/ d— bOI bl/ b2/ Qp, ai, az, d.

Suppose that B be the set of all polynomials with zero constant terms in A and consider the ideal ] of the ring A
generated by

apbg, agb1 + ajbg, apba +ai;by + axbg, aiby +azby, axby, appbg, axpby, boag, bpay + biag,

boaz +braj +baag, byax +boay, baay, bopag, bapaz, apag, axaz, agpap, azpaz, bobg, baby,
apaj +ajag, apdz+aja;+azag, ajax+azag, boba+biby +brbg, b1ba+boby, (ag+as+az)plapg+a;+az),
(bo 4+ b1 4+ b2)p(bo + b1 +b2), (ap+ ai + a2)p(bg+ b1 +b2), (bg+ b1+ ba)plag+ ai + az), and p1p2pspa-

Where p,pl,pz,pg,m € B. Then it is obvious B* C J. Set R = A/]. Since 8(]) C J. we can get an automorphism
o of R by defining «(r + ]) = 8(r) +] for v € A. For simplicity we identify all element of A with its image in R.
For f(x) = ag + a;x + axx?> € N(R[x]) since B* C Jand g(x) = bod + bydx + badx? € R[x] we have f(x)g(x) =0
but g(x)&(f(x)) = (bod + bydx + badx?)(bg + byx + byx?) # 0 since bodby + bydbg # 0. Thus, R[x] is not right
& — nil reversible.

Theorem 3.7. If R is an IFP right & — nil reversible ring, then both R[x] and R([[x]] are right & — nil reversible.

Proof. Since o — nil rever51ble are closed under subrmgs so it suffices to prove that R[[x]] is right & —
nil reversible. Let f(x Z aixt € N(R[[X]]), g Z b; x) € R[[x]] with f(x)g(x) = 0. By [11, Propo-
sition 2.16], N(RI[[x]]) C N(R)[[ 1. So a; € N(R) for each i. Since f(x)g(x) = 0 then we get the following

equation:

aobg =0 (1)
aob; + a1bg =0 (2)

aobufl + albu_z + ...+ (luflbo =0 (3)
apby +aiby 1+ ...+ aubg=0 4)

Since R is IFP, N(R) is an ideal of R by [12, Lemma 3.1] Since agbg = 0, and R is right & —nil reversible
then boa(ag) = 0.
If we multiply Eq.(2) from left side by by, then it follows that bpa;bg = 0 and so a;bg = 0 for a; € N(R).
Now suppose that u is positive integer such that a;b; = 0 for a; € N(R), bj € R when i+ j < u, we show



Iman Jalal Ali, Chenar Abdul Kareem Ahmed, Gen. Lett. Math. , 12(1) (2022), 9-22 17

that ajb; =0 wheni+j =u

If we multiply the Eq.(4) from left side by by, then we have bpagb,, + bga;by—1 + ... +bpa,bg = 0 and so
by induction hypothesis a,,by = 0. Then agby + a;by—1 + ...+ ay—1b; = 0. Using again the induction
hypothesis, apby, aiby—1, ..., ay_1b; = 0. Therefore ajb; = 0 for each i,j . Thus b; at(a;) = 0 for
each t, since R is right « —nil reversible. Thus g&(f) = 0 by [11, Proposition 2.16]. Hence R[[x]] is right
& — nil reversible. O

Due to Rege and chhawchharia, a ring R called Armendariz [13, Definition 1.1] if whenever the product
of any two polynomials in R[x] over R is zero, thus is the product of any pair of coefficients from two
polynomials. And it is well-known that any reduced ring is Armendariz, but not conversely. The notion
of an Armendariz ring is extended to power series rings over general noncommutative rings. In [14] A rmg
R is called power-serieswise Armendariz if a;b; = 0 for all 1,j whenever power series f(x) = Y i~ aix?,
gx) = Z]—ZO bjxj € Rl[x]] satisfy f(x)g(x) = 0. By definition, power serieswise Armendariz rings are
Armendariz, but not conversely by [14, Example 2.4].

And a ring R is called skew power-serieswise o« — Armendariz [15] if ajb; = 0 for all i,j whenever
p(x)q(x) = 0 for p(x) = > 25 aixt, q(x) = Z;’io bjx) € R[[x; af]. According to [16, Definition 2.1], a
ring R with an endomorphism « is called skew power-serieswise Armendariz if p(x)q(x) = 0 for all skew
power series p(x) = > {2y aix!, q(x) = Y {2, bx) € Rllx; o] if and only if aibj = 0 for all i,j. And also
every skew power-serieswise Armendariz ring is clearly skew power-serieswise o — Armendariz.

Lemma 3.8. Let R be a skew power-serieswise «x — Armendariz ring and « an endomorphism of R. Then:

(1) R is nil reversible if and only if R is right o — nil reversible.

(2) Let M be one of symbols [x; &, [x,x~L; o, [[x; &dl, [[x,x~1; o], then N(RM) = N(R)M, in case « is an
automorphism.

Proof. (1) Assume that R is nil reversible and for a € N(R), b € R let ab = 0. Then «(a)b = 0 by
[15, Theorem 3.3(3)] and so ba(a) = 0, x(a) € N(R) since R is nil reversible. Therefore R is right
o — nil reversible.

Conversely, assume that R is right « —nil reversible and for a € N(R), b € Rlet ab =0. Then bx(a) =0
and so ba = 0 by [15, Theorem 3.3(3)] . Thus R is nil reversible.

(2) It directly follows from [16, Theorem 3.17]. O

For a ring R with endomorphism «, the corresponding 3 a;x' — 3 «(a;)x! induces an endomor-
phism of R[x; ], R[x, x Lo, Rllx; ] and R[[x,xL; ], respectively. We denote them by &.

Theorem 3.9. Let R be skew power-serieswise « — Armendariz ring with an automorphism « of R. Then the
following are equivalent:

(1) Ris right o — nil reversible;

(2) Rlx; & is right & — nil reversible;

(3) R[x ;oc] is right & — nil reversible;

(4) Rl[x; ] is right & — nil reversible;

(5) RlIx ;oc]] is right & — nil reversible.

Proof. 1tis sufficient to show that (1) = (5). Suppose that f(x)g(x) = 0, for f(x Z aixt € N(R[[x,x 1, «]),
i=0

glx) = > bjxj € Rllx,x L «ll. Then we get a; € N(R), b; € R by lemma 3.8(2) and ajb; = 0 for
j=0

every i,j. Therefore bja; = 0 by lemma 3.8(1) and bja™(a;) = 0 for any non-negative integer n,

since R is a — compatible as noted above. This implies g(x) & (f(x)) = 0, therefore R[[x,x!; «l] is right

& — nil reversible. O
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Corollary 3.10. Let R be a power-serieswise Armendariz ring. The following are equivalent:
(1) R is nil reversible;
(2) R[x] is nzl reversible;
(3) R ] is nil reversible;
(4) R[[x]] is ml reversible;
(5) Rl[x ] is nil reversible.
Corollary 3.11. For an Armendariz ring R with an endomorphism «, the following are equivalent:
(1) R is right o« — nil reversible;
(2) R[x] is right & — nil reversible;
(3) RIx,x 1] is right & — nil reversible.

An element a of a ring R is called right regular if ac = 0 implies ¢ = 0 for ¢ € R. In the same way,
left regular is defined and it is regular if it is both left and right regular (and hence non-zero divisor).
Let A is a multiplicatively closed subset of R consisting of central regular elements. Assume that « be an
automorphism of R and suppose «(s) = s for all s € A. Then «(s™!) = s~! in A7!R and the induced map
&:A7IR — A7IR defined by &(a~'b) = a !«(b) is also an automorphism.

Proposition 3.12. Let R be a ring with an automorphism o and A denotes a multiplicatively closed subset of R
consisting of central reqular elements and «(s) = s for every s € A. Then R is right o« — nil reversible if and only if
AR is right & — nil reversible.

Proof. 1t is sufficient to prove the necessary condition. Suppose that R is right & — nil reversible and let
s la e N(AIR) for s € A, a € N(R). Then (s 'a)" = 0 for some positive integer n. This implies a™ = 0.
So a € N(R), let (s;7'b) € A7IR, for s; € A, b € R with (s~ 'a)(s;'b) = 0 we have (s15) ‘ab = 0,
ab = 0 since R is right « —nil reversible ba(a) = 0. So (ssl)*lboc(a) = 0 implies sfls_lboc(a) = 0. Thus
(s;7'b) & (s~!(a)) = 0. Therefore A"'R is right & — nil reversible. O

Let R be a ring with an endomorphism . Remember that the map R[x] — R[] (resp., Rix,x 1] —

~1]) defined by Z aixt — Z o(ai)xt (resp., Z aixt — Z )x!) is an endomorphlsm of R[x]
i=0 i=0 i=0 i=0

(resp., R[x,x~1]) and clearly the map extends o. We still denote the extended map R[x] — R[x] (resp.,
Rlx,x 1] — Rlx,x 1 1) by &.

Corollary 3.13. Let R be a ring with an endomorphism «, such that «(1) = 1. Then R[x] is right & — nil reversible
if and only if R[x,x ] is right & — nil reversible.

Proof. Suppose that R[x] is right & — nil reversible. Take A = {1,x,x%,x%,...} C R[x]. Clearly, A is multi-
plicatively closed under subset consisting of central regulars of R[x] and R[x,x = A IR[x] and &(x) = x
since «(1) = 1. So R[x,x 1] is right & — nil reversible.

The proof of the converse is trivial. O

Proposition 3.14. For a ring R with an endomorphism o, R[x] is right & — nil reversible if and only if (A~1R)[x]
is right & — nil reversible.
n

Proof. For the necessity, let R[x] be right & — nil reversible, f(x) = > si_laixi € N(A"R)[x] and g(x) =
i=0

Z t_lb x) € (A7IR)[x] such that f(x)g(x) = 0. Suppose that s = sgsj..sp and t = tot..tm. Then

j=0

f1(x) = sf(x) is nilpotent of R[x], g1(x) = tg(x) € Rlx], and f1(x)g1(x) = 0 implies g;(x)&(f1(x)) = 0. Since

R[x] is right & — nil reversible then g(x)&(f(x)) = 0. Thus (A~'R)[x] is right & — nil reversible. O
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A ring Ris called right Ore if for given a,b € R with b is regular, there exists aj, b; € R with b; regular
such that ab; = baj. It is well-known fact that R is a right Ore ring if and only if the classical right
quotient ting Q(R) of R exists. Let R be a ring with the classical right quotient ring Q(R). Then each
automorphism « of R extends to Q(R) by setting &(ab™!) = oc(a)(cx(b))_1 for a,b € R, considering that
«(b) is regular for each regular element b € R.

Theorem 3.15. Let R be a right Ore ring with the classical right quotient ring Q(R) of R and o« an automorphism
of R. If Q(R) is an NI ring, then R is right « — nil reversible if and only if Q(R) is right & — nil reversible.

Proof. It is enough to prove the necessity. Suppose that Q(R) be an NI ring and R be a right « —
nil reversible ring. Then R is NI by [17, Lemma 2.1]. Let AB = 0 for A = ab™! € N(Q(R)), B =
cd™! € Q(R) where a,b,c,d € R with b,d regular. Set I; and I, be the ideals of Q(R)generated by A
in N (Q(R)) and B in Q(R) respectively. Then I; is nil ideal with a = Ab € I; and I, is an ideal with
c =Bd € I, and so a € N(R), ¢ € R. Since Ris right Ore, there exists c;, b; € R with b; regular such that
bey; = cby and ¢;b; ' = b lc. Here note that ¢; € R. In fact, be; = cb; € I, and so ¢; = b~ 1(bey) € L.
And from 0 = AB = ab—cd~! = ac;by'd !, we have 0 = ac; and so ci(a) = 0. Then
0=cx(a) =cia(a)x(b) = crx(ab)

= 0 =oafab)a(c1) = a(abeq)(since ab € N(R), ¢; € R)

= 0 =abcy = acb; = 0 = ac = cafa) (since a € N(R),c € R).
And now for a € N(R),d € R with d regular, there exists a; € N(R), d; € R with d; regular such
that da; = «(a)d; where a(a) € N(R) and a;d; ! = d'«(a) by the same calculation as above. Then
a; = d'a(a)d; € N(R) (because «(a) € N(R)) and

0=cx(a) =cx(a)d; = «(a)dix(c) = dajx(c) (since x(a)d;, da; € N(R), ¢ € R).

0=ajx(c) = x(c)x(as) = «(cay) (since d is regular and a; € N(R), «(c) € R).

ca; = 0 (since « is an automorphism).

B&(A) = cd'a(ab™!) =c (da(a)) a(b) ' = card; a(b) ' = 0.
We obtaining that Q(R) is right & — nil reversible. O

Let R be a ring and « a monomorphism of R. Now we consider the Jordan’s construction of an over-
ring of R by « (for more details, see [18]). Let A(R, &) be the subset {)(WXi :reRandi> O}of the skew
Laurent polynomial ring R[x, x~1; «). Notice that forj > 0, x)r = oJ (1)) implies Tx ) =xJod (1) for v € R.
This yields that we have x'rxt = x~ () o (r)x1H] for each j > 0. It follows that A(R, «) forms a subring
of R[x,x~!; o] with the natural operations that follow: x~trx* +xJsxJ = x~ (1) (od (v) + at(s))x**T and
(x trxY) (x Tsx) =x~ )« (1)t (s)x1*T fori,j > 0and r,s € R.

Note that A (R, «) is an over-ring of R, and & : A(R, &) — A(R, &) defined by &(x 'rx!) = x ta(r)x! is an
automorphism of A(R, «). Jordan demonstrated, with the use of left localization of the skew polynomial
R[x; «] with respect to the set of powers of x, that for any pair (R, x), such an extension A(R, «) always
exists in [18]. This ring A(R, «) is usually called the Jordan extension of R by o.

Proposition 3.16. Let R be a ring with a monomorphism «, then R is right o« — nil reversible if and only if the
Jordan extension A = A(R, «) of R by « is right & — nil reversible.

Proof. If R is right « — nil reversible, then so is any subring S with «(S) C S. Hence it is sufficient to show
the necessity.

Assume that R is right « —nil reversible and ab = 0 for a = x 'rxt € N(A), b=x"TImpx) € A, fori,j >
0. Then t; € N(R), 12 € R obviously. From ab = 0, we have o (17) ot*(12) = 0 and s0 0 = «*(12) (o (171)) =
ot (r2)ed (1) by assumption. Thus, ba(a) = (x Tmx)) & (x 7'rixt) = (x Irpd ) (x " ax(1y)x)
= x Ui (rp)od (x(r1))x1TT = x= 0t «i(rp)ed T2 (r;))xtT = 0. Therefore Jordan extension A(R, «) is
right & — nil reversible. O

Let A be an algebra (not necessarily with identity) over a commutative ring C. According to Dorroh
[19] The Dorroh extension of A by C is the ring denoted by D (A,C) = {(a,s) : a € A, s € C} with
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the operations (aj,s1) + (a2, s2) = (a1 + az, 81+ s2) and (ay, s1) (az, s2) = (ajaz +s1az + s2ayg, s182) for all
ai € Aand s; € C,i =1,2. For an C —endomorphism « of A and the Dorroh extension D of A by C,
&:D — D defined by &(a,s) = (x(a), s) is an C — algebrahomomorphism.

Theorem 3.17. Let R be an algebra with identity over a commutative reduced ring Z, with a Z — endomorphism «.
Then R is right &« — nilreversible if and only if the Dorroh extension D of R by Z is right & — nil reversible.

Proof. 1t is easy to notice that N(D) = (N(R),0), since Z is a commutative reduced ring. Let (a,0) €
N(D (R,Z)) and (s, m) € D (R, Z) with (0,0) = (a,0) (s,m) = (a (s+m),0). Thus a (s+m) =0, a € N(R).
Since R is right o —nil reversible, we get s+m € Z, (s+m) a(a) =0. So (s, m) & (a,0) = 0. So D (R, Z)
is right & —nil reversible. O

4. Further notes

In this section, we introduce some examples and theorems of nil reversible rings.
The Armendariz property of rings and the nil reversibility do not imply each other as shown in the
next example:

Example 4.1. (1) Let R be a reduced and consider the ring A = { <8 z) :abe R}.

Then A is Armendariz by [20, Proposition 2]. However, A is not nil reversible. For a = (8 (1)> € N(A),

b= <(1) (1)> € A, we get ab =0 but ba # 0.

(2) Let R = { <8 z> abe Z4} since R is commutative, then R is nil reversible.

For f(x) = <8 (1)) + <8 é)x and g(x) = <(1) (1)> € RIx), we get f(x)g(x) = 0 but <(1) é) (8 é) _

(8 é) # 0. Thus R is not Armendariz.

The rings H(y y)(R) [21]: Let R be a ring and let x,y be in the center of R. Let

|
a 0 0
Hix ) (R) = { (c d e) € Mat3(R)| a,¢,d,e,f €R, a—d =xc, dfye}.
0 0 f
Then H, ) (R) is a subring of Mat3(R). Note that any element A of H(, ,,)(R) has the form
xc+ye+f 0 0
( c ye+f e).
0 0 f

Theorem 4.2. For a ring R, The following holds:
(1) If R is a reduced ring, then H ) (R) is nil reversible.
(2) If R is reduced, then H g1y (R) is nil reversible.
(3) If R is reduced, then Hq ) (R) is nil reversible.

a 0
Proof. (1) Suppose that R is a reduced ring and A = (c ) € N(H(g,)(R)) be nilpotent. By [21,
0
0
S
0

0

a

0
S 0

Lemma 4.1] , a is nilpotent. By assumption, a = 0. Let B = (t v) € Hg,0)(R) with AB = 0 implies
0 S
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0 0 O
cs =0 and es = 0. Since R is reduced then this implies sc = 0 and se =0. Then BA = | sc 0 se| =0.
0 0 O
Hence H g )(R) is nil reversible.
0 0O e+f 0 O
(2) Assume that Ris areduced ringandletA = [c 0 0| € N(H()(R))and B = a e+f e
0 0O 0 0o f
Hg,1)(R), with AB = 0 implies ¢ (e +f) =0 and (e +f) ¢ = 0. Then BA = 0. thus H g 1)(R) is nil reversible.
0 0O f+c 0 O
(3) Let R be a reduced ring, A= [0 0 e | € N(H(10)(R)) and B = ¢ f d| €Hgpl(R), with
0 0O 0 0 f
AB = 0 implies ef = 0 and fe = 0. Then BA = 0. Therefore H; ¢)(R) is nil reversible. O

The condition of R being reduced in theorem 4.2. is not superfluous, as in the next example:

Example 4.3. Let K be a field and R = K (a,b) be the free algebra with non-commuting indeterminates a,b over
K. Let 1 be the ideal of R generated by ab and a®. Assume that ring R = R/L Identify a and b with their images in
R. Then ab = 0, but ba # 0.

a b c 0 a 0
Note that R is not reduced. Consider the ring A = 0 a 0):abceRy.LetX=|[0 0 0] €N(A),
0 0 a 0 00
b1 1
Y=[0 b 0| €A. Then XY =0 but YX # 0. Therefore A is not nil reversible.
0 0D

Proposition 4.4. Let R be a ring and 1 a reversible ideal of R. Then R/1 is a nil reversible ring.

Proof. Let a indicate the image of a € R in R/I under the natural homomorphism from R onto R/I.
Suppose that @ € N(R/I), b € R/I with ab = 0. Then ab € I and so ba € I since I is reversible. Therefore
ba = 0. It means that R/I is nil reversible. O
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