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Abstract

In this article, we defined a new coefficient formula of the conjugate gradient method for solving non linear unconstrained
optimization problems. The new formula 17" is type of line search and the idea of our work is to focus on modification
the Perry’s suggestion. We further show that global convergence result of new formula is recognized under Wolf-Powell line
search. It is shown that the new CG coefficient satisfied sufficient descent conditions. In the end, numerical experiments with

the collection of test functions show that the new 3}¢* is more effective compared to some other standard formulas such as
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1. Introduction

There are several methods to find an optimum or near-optimum solution of unconstrained optimiza-
tion problems that may ascend in fields such as technology, sciences, economics, and many more. Con-
jugate gradient (CG) method one of these methods and it plays a significant role to solve large scaled
problems. This is because of low memory requirements as well as global convergence properties.The
creation of the methods returns to 1952 when Hestenes and Stiefel introduced a CG method for solving
a linear system of equations[5].In 1960, Fletcher and Reeves refined and developed the conjugate gradi-
ent method for solving the unconstrained nonlinear optimization problems[3].The improvement of this
method non-stop, but it continues to present day.Therefore, there are various studies on the conjugate
gradient methods, all of them are them focus on developing the CG parameter. Also in this paper a new
modified CG parameter is proposed and analyzed .

Trying to solve the unconstrained minimization problem:-

min{f(x) : x € R™} (1.1)

Where f(x) is twice continuously differentiable function over R™, we are beginning with an initial point
X is a first approximation of the minimum point, and having found the new point xy 1 by searching along
a decent direction dy such that d{gk < 0 ,s0 that

*Corresponding author
Email addresses: mardinsh.tahir@uod.ac (Mardeen Sh. Taher), salah.shareef@uoz.edu.krd (Salah G. Shareef)

doi:10.31559/glm2021.11.2.3
Received 7 Nov 2021 : Revised : 25 Dec 2021 Accepted: 26 Jan 2022


https://doi.org/10.31559/glm2021.11.2.3
User
Line

User
Rectangle

AMCT
Stamp

AMCT
Stamp

User
Line


Mardeen Sh. Taher, Salah G. Shareef, Gen. Lett. Math. , 11(2) (2021), 36-45 37

XK1 = Xk + o dy (1.2)

However, oy is a length step and fulfill the following Wolfe-Powell search conditions[11]: -

f(Xk + ockdk) < f(Xk) + 510Cka{dk (13)

Vi(xi + aedie) Tdye > 8V dye (1.4)

with 0 < 81 < &2 < 1, and indicated xy+1 — Xk by vk and Vf(xy4+1) — Vf(xk) by yk.
we refer that the nonlinear conjugate gradient methods (CG-methods ) are practical methods for finding
the minimum value of large-dimensional functions because they do not need matrix storage. The basic
idea of all CG-methods is calculated with a new direction by the following form:

{dk = —gx k=0 15)

dk41 = —9gk+1 +Brde k>0
In equation (1.5), g = Vf(x) and gx and gy are gradient of f(x) at the point xi, xi4+1 respectively,
and Py is a positive real number called the coefficient of conjugate gradient, several efforts have been

completed in the few recent years to proposal new formulas of conjugate gradient methods which are
take many alternative values, such as:

-
H-s _ Jxr1Yk
— Zkt1J% (1.6)
k d{yk
F—R 9{ 19k+1
— +
=T (1.7)
¢ ngk
PRP 91 1Yk
+
— JkHlI® (1.8)
« ngk
-
dyyx
D—-Y 9{ 19k+1
pD-Y — Zk+ (1.10)
K diyx
L-S 9E+1Uk
T = (1.11)
¢ dj gk

In which, the definition of BE*S in (1.6) is due to Hestenes and Stiefel [5], BE*R in (1.7) is due to
Fletcher and Reeves [3], BLRP in (1.8) is due to Polak-Ribiere-Polyak [9], "™ in (1.9) is developed
by Perry [8] , B2~ in (1.10) suggested by Dai and Yuan [6], and Liu and Storey founded B-~° which
is defined in (1.11) [7]. It is well known that the convergence condition is essential for each iterative
methods .So, the study of the global convergence for Conjugate gradient methods is very important, in
1970, Zoutendijk G.[12], proved that the Fletcher and Reeves method is global convergence when the
line search is exact . Powell studied the global convergence of Polak-Ribiere method and described the
method as global convergence when the strongly convex condition and the line search are exact [10], but
after that Powell established that the Polak-Ribiere method with exact line search could circle infinitely
without convergent to a required point, the same result applies to the Hestenes-Stiefel method . Thus,
some methods have strong properties of convergence but their practical performance is often very weak
1 >. On the other hand some methods may not be convergent but have a good numerical performance
like BLRP. We will discuss the global convergence of new method and numerical performance in section
4 and 5.
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2. The New Formula of CG-Coefficient ;¢

In this section, we prepare a new formula for conjugate gradient method based on the formula of
CG-Coefficient which is suggested by Perry of B} “""¥[8] by changing the CG update parameter of the HS
conjugate gradient method in to (1.9). In this paper, we choose a suitable equation which was proposed
by Powell in (1978) [10] and defined in as

Nk = (1—6)Gvk+9yk (2.1)

here G is a symmetric matrix of second partial derivatives of function and 6 € (0,1) is a positive real
number between 0 and 1.

Now, we suppose that

Gy = 2 2.2)

Let, 5 = ﬁﬁ(l + [Ixk+1ll), w is a machine accuracy, and the function ||.|[ > 0 is the Euclidean norm of
vectors.
By putting the value of § in equation (2.2), therefor Gvy can be taken as

Yk
Gvi = vyl 2.3
k= Ml ST+ Tl @3)

now we replace Gvy in (2.1) by (2.3), and obtain the following

= (1-0)( EL ) -+ Oyx (2.4)

[vicll
21+ Tl
Change yy in the numerator of (1.9), by nx which is defined in (2.4), and get

Yk
911 ([(1 —9 (”Vk||2¢w(1+'|<|xkﬂ||)> Oyl _Vk)

BreW = (2.5)
¢ diyk
9p 1Y
(10 =0y (vl ) + 09Ty — 9L, 1vi )
new _ i (2.6)
Yk
_ [[vill
Let p = [(1_9)<2ﬁ(1+||><k+1m> +e} h>0
Therefor the new formula is
T T
Eew — gk+1yk . 9k+1vk (27)

dlyx dfyx

we observe, if the orthogonal condition is satisfied i.e (gi+1, gx) = 0, the B¢ in (2.7) becomes

BEew _ Hg{jﬁl(gk-!-] - gk) . 9{+1Vk (28)

dlyx diyx

g1l 9p vk
B =n - (2.9)
« diyk diyx

It is very important for design a new formula of 3}}¢* the two conditions required to be satisfied, the
frist one is the descent direction

di i 19ki1 <0, Vk>=0 (2.10)
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while the second one is the sufficient condition
df 19kt < —tllgkal?,  Vk=0 and T>0 (2.11)

3. Generalized (The New CG- Algorithm)

¢ Step 0: Start with arbitrary initial point of solution xg € R™, k =0, set e > 0,n € Z.

e Step 1: Test if [|gk|| < € then stop, else dx = —gx = —Vf(xx) and go to step (2).

¢ Step 2: Using cubic line search to determine the size step oy such that rules (3) and (4) are satisfied

and generate the next iterate via xy 11 = xi + o dx.

¢ Step 3: Test the optimality for the new point xy 11, if [|gk+1/| < € then stope and xy 1 is a minimizer,

otherwise compute dy 1 = —gi41 + Brdk, Bk is defined in (2.7) or (2.9) and go to step 4.

e Step 4: if |9{+19k| > 0.29{+1gk+1 then go to step 1, alse k = k + 1 and return to Step 2.

4. Convergence Analysis for New Algorithm

To ensure that the new method is converge we must show that both conditions in (2.10) and (2.11) are

holds. In addition, the property of global convergence should be fulfilled .

4.1. Descent and Sufficient Conditions

The descent and sufficient decent Conditions are always assumed to achieve, considering that they
are play very an important role for establishing the global convergence of conjugate gradient methods.

Theorem 4.1. Consider the sequences of {dy} and {gi} are generated by new CG-method 3 then (2.10) is holds for

allk >0, i.e

digx <0
Proof. By mathematical induction, we prove it,
at k =0, dp = —go, we have
43 9o < ~ligol’*.

now we asssume that the conclusion (4.1) holds for k > 0 and gx1neq0
Casel(i) g{Hgk #0,

9{+11Jk 9{+1Vk) d
- k

di41 = —9gxk 1+<H
" It dlyx dfyxk

multiply both sides of (4.3) by gy, from right and we get,

T T 91+1yk 9{+1Vk T
d k41 = — K41+ (H — )d K41/
k+19k+ Jk+19k+ d{yk d{yk k 9k+
this leads to,
T T
Jr+1Yk 1 Jr+1Vk T
k+19k+1 Ik+19k+1 8 d{yk k 9k+1 d{y k9k+1

(4.1)

(4.2)

(4.3)

(4.4)

(4.5)
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Thus,

9r 1Yk .7 o (df gt
Al gy — ————
d, yx

dp 191 = —llgialP +p (4.6)

It is known that the first two terms of equation (4.6) refer to Hestenes and Stiefel method which hold
the descent condition, now we need to prove the third term of (4.6) is less than or equal to zero.

It is noted all of o, (d19k+1) are positive and dkyk = dl(gk+1 —gx) > (60— 1)d19k, (6, — 1)dlgk >
0 therefor d|f gx > 0.
which get to g{HdkH <0.

Case (ii) when the orthogonal property (gy gk = 0) is satisfied, then

[ 12 gp vk
dx41 = —gk4+1 + (H Det1l _ et )dk/ 4.7)

iy diyk
multiply both sides (4.7) be g}, ;, we obtain

lger1l?  9pyivi
Al 19K+1 = —gp 19k 1+<u — == >d Jk+1, (4.8)
k+1Yk+ k+19k+ d-]EUk d{yk k Yk+
g1l o (df grr1)?
Al 191 = —llgicl? + w ?5“ s e 49)
Yk

Dai and Yuan are proved the term —||gy1/]> + u”g““” dTng in (4.9) is descent condition and from

o‘k(dk 9k+1

above , we have
! dlyx

> 0. Therefor dngkH <0. O
Theorem 4.2. Consider the sequences of {dx } and {gy } are generated by new CG-Method 3 then (2.11) is satisfied,

A 19141 < —Tllgisal?, Vk >0 (4.10)

Proof. 1t is seen from theorem 4.1 dJ ., is a descent direction which means that the two first terms of
equation (4.3) are less than or equal to zero in two cases g, 4+19x =0and gr 119k # 0. So we have

o (g gier1)?
A grin < ——— (4.11)
Multiply and divide the term M in (4.11) by [lgx+1//?>, we obtain
o (dy )2 &
d{+19k+1 <— kG Gl+1)7119k+1 4.12)

dyyllgisall?

o (df gret1)? ’
dp 191 < — | == IgwelP (4.13)

o (df grs1)?

and T > 0.
dlyxllgrsll? |7

We assume T =

Since (4.13) becomes g, +1dk+1 —1||gx1//%, in this way the proof is completed. O
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4.2. Global Convergence of New Conjugate Gradient Method

To study the convergent of new algorithm, we need to mention an important hypothesis, and lemma
gives the Zoutendijk condition.

Hypotheses (H):

i) The set QO ={x :x € R™, and {P(x) <p(X)} is closed and bounded on the initial point .
ii) In some neighborhood N of Q,the objective function 1 (x) is continuously differentiable and its gra-
dient y’(x) is Lipschitz continuous, that means, there exists a constant ¢ > 0 such that :
IV (X) = V@)l < dix—9ll, VXxandye X (4.14)
iii) objective function {(x) is uniformly Convex and there is a constant number y > 0 such that
(VO(E) — V)T (x—y) <vIk—1l>, VxandyeNX (4.15)

under these Hypotheses (H) on 1(x), there exists a constant h > 0 such that V(%) < h,V % € X, and
we give a useful lemma,it was essentially proved by Zoutendijk and Wolf [12, 10].

Lemma 4.3. let X is a starting point for which Hypotheses (H) is satisfied. Consider all techniques in the (1.2),
suppose that a set of conjugate directions is defined in (1.5), and the step size i satisfies the standard Wolfe
conditions of line search (1.3) and (1.4). If

1
= = 00. 4.16
];21 ldk11P (.16
Then , the following
lim (infllgi41ll) =0, (4.17)
k—o0

holds.

Theorem 4.4. (This theorem gives the global convergence of new method )

Consider the functionf(x) is uniformly convex and hypotheses (H) is satisfied. Let the sequence {x } is generated by
new method and the step size xy is calculated by the weak Wolfe conditions of line search (1.3) and (1.4). Then the
(4.17) is holds i.e.,

lim (infl|gx|]) = 0. (4.18)
k—o0
Proof. from (2.7) we have the direction:
T T
Ix+1Yx  Jr41Vk
A1 =—gk+1+ (K1 — dy. (4.19)
’ " ( diyk diy >

Taking norm of both sides of (4.19),

T T
ldrall = |[grst + (ugg‘g‘ik _ gc‘;f;i")dk (4.20)
Apply preliminary of Cauchy-Schwarz and Triangle inequities to simplify the (4.20), and get
1Yk GiurVk
ldisall < gl + (p. T )dkH . 4.21)

By properties of norm, we have
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ldis1ll < [lgrs1ll +

T T
Jr+1Yk 9k+1"k)
" - dill. (4.22)
( diyk  dyyk |” I

Return to Cauchy-Schwarz and use hypothesis (ii), we have seen

gk 1kl < llgicll lyxll and iyl < allvadl.

So, we see

uHQk+1” [yl - | gx+1l] ||Vk||‘
[l lyxll [ dic] [yl

Note that in hypothesis (iii), ||gk+1] < h, and the truth that g}, ;yx < dlyx so the equation (4.23)
becomes as follows

( i1V 9L1Vk) (4.23)

dlyx dfyx

T T
Jr41Yk  GipaVk\ | o h
‘( diyx dlyx ) | di |l
Now, put (4.24) in (4.22) we get
h
Hdk+ﬂ|<71+‘uh4‘zw (4.25)
Suppose h + ph + % = 7, such that J is positive real number.
Therefor
[di <. (4.26)
So that we can write,
1 1
d 2 ) =00 (4.27)
2
= Il diq1ll = 32
Thus,
> s (4.28)
i1l ’ .

so, by applying Lemma 4.3, we conclude that (4.18) is proved, i.e., limy_, o, (infllgk4+1ll) = 0, in this way
the proof is achieved. O

5. Numerical Experiments and Discussions

The numerical experiments of the new method (B11¢" ) it will be discussed and displayed in this sec-
tion. All codes of methods are written in Fortran (95) with the stopping condition is ||gx 41l < 1072, we
used for testing the well-known nonlinear problems from the CUTEr library with the number of variables
each test problem is 4 ,100,500,1000, 3000 and 5000, [1]. Throughout the numerical results, we compare
the performance of new method with the Hestenes and Stiefel and Perry methods, and in case of orthog-
onal we compare the new method with Dai and Yuan method[2]. Cubic fit technique is used to find the
size step ay under conditions (3) and (4) in this paper we used the values of §; and §, in (3) and (4)
were chosen to be 0.001 and 0.1 respectively. The numerical results are recorded in Tables 1 and 2 where
Name, N, NOI, and NOF represent the name of the test function, the variables of function , the number
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of iterations and the number of function evaluations, respectively.

Table 1 shows the performance of three methods (B¢, BP™™ and BI!~°). We noted that the new
method has the good result compared to other both methods (™™ and B}!~°) based on number of
iterations and the number of function evaluations, while Table 2 illustrates the result of new method

when the orthogonal holds and seen the new method has the best performance when compared with and
Dai and Yuan method BE -V,

6. Conclusion

Overall, different choices for the scalar coefficient 3y leads to different conjugate gradient methods
In this paper, a new type of coefficient in the conjugate gradient methods for solving unconstrained
optimization problems is proposed .the numerical tests were carried out on low and high problems, and
comparisons were made amongst different test functions. The new method has proven its efficiency
through results in tables 1 and 2
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Table 1: Comparing performance of the three methods (32", [5]‘3*5 and BEeTTU).

B Eew ]tl— S Bzerry
Test N | NOI-NOF | NOI-NOF | NOI-NOF
4 32-85 38-108 35-89
100 35-102 40-122 43-105
Powell 500 35-102 41-124 43-105
(3,-1,0,1) | 1000 35-100 41-124 45-120
3000 35-100 41-124 46-122
5000 35-100 41-124 46-122
4 28-66 30-68 30-68
100 30-71 30-68 30-68
Wood 500 27-63 30-68 30-68
(-3,-1,-3,-1) | 1000 30-73 30-68 30-68
3000 28-66 30-68 30-68
5000 28-67 30-68 30-68
4 26-85 30-83 30-83
100 20-59 30-83 30-83
Rosen 500 20-59 30-83 30-83
(-1.2,1;.) | 1000 | 16-52 30-83 30-83
3000 16-51 30-83 30-83
5000 17-53 30-83 30-83
4 15-32 16-36 16-36
100 16-35 16-36 16-37
Powell 500 16-35 16-36 16-37
0,1,2;..) | 1000 16-35 16-36 16-37
3000 16-35 16-36 16-37
5000 16-35 16-36 16-37
4 12-35 12-35 12-35
100 13-37 13-37 13-37
Cubic 500 13-37 13-37 13-37
(-12,1;.) | 1000 | 13-37 13-37 13-37
3000 13-37 13-37 13-37
5000 13-37 13-37 13-37
4 23-60 28-85 34-133
100 34-96 33-114 46-169
Miele 500 38-110 40-146 52-198
(1,2,2,2) 1000 39-111 46-176 58-229
3000 52-160 54-211 58-229
5000 62-199 54-211 64-261
4 14-29 11-24 11-24
100 43-87 49-99 49-99
Wolfe 500 45-92 52-105 52-105
(-1;..) 1000 47-96 70-141 70-141
3000 | 116-248 170-351 170-351
5000 | 147-310 165-348 166-350
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Table 2: Comparing performance profiles of New method 3}}¢* and Dai and Yuan method BE -V

BE ew B E —Y
Test N | NOI-NOF | NOI-NOF
4 27-63 50-128
100 28-65 51-130
Powell 500 28-65 51-130
(-3,-1,0,1) | 1000 28-65 51-130
3000 30-69 52-132
5000 30-69 52-132
4 27-63 28-65
100 27-63 28-65
Wood 500 27-63 29-68
(-3,-1,-3,-1) | 1000 29-67 29-68
3000 29-67 29-68
5000 29-67 29-68
4 27-90 27-63
100 20-59 28-65
Rosen 500 22-64 28-65
(-1.2,1;.) | 1000 | 16-51 28-65
3000 16-51 30-83
5000 17-53 30-83
4 34-109 36-115
100 38-127 46-156
Miele 500 33-111 53-188
(1,2,2,2) 1000 57-207 60-222
3000 46-160 66-257
5000 63-249 66-257
4 13-28 13-28
100 | 523-1162 | 466-1021
Dixon 500 | 489-1094 | 503-1085
(-1,..) 1000 | 475-1061 | 484-1048
3000 | 498-1107 | 462-1005
5000 | 480-1076 | 510-1115
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