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Abstract

In this paper, we present two algorithms for the approximate or exact solution of a class of Volterra integral equations of
first kind. As well known, this is an ill posed problem, but we convert it to well-posedness of the second kind Volterra problems,
then we apply the variational iteration method. Finally, we present two examples which show the performance and effciency of
our method.
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1. Introduction and preliminaries

Two of the most standard forms of linear and nonlinear integral equations of the first kind are:

)\th(t,x) o (x)dx = (1), (11)
0
and .
?\J K (%) F @ (x)) dx = £ (1), (12)
0

here, both, the function k(t, x), and the function f(t) are known, k on the square 0 < x;t < 1, and f on the
interval 0 < t < 1. The quantity A is a given constant parameter. The function ¢ is to be determined on
[0,1] and F(¢(t)) is a nonlinear function of ¢(t) (note that we can to take 0 < t < 1, since every interval
such as [a, b] can be transformed into this interval by a linear transformation (see in [10])).

As a classical ill-posed problem, the Volterra integral equations of the first kind have been investigated
by many references (see, for instance [12, 8, 11, 3]). These equations arise in many scientific applications
such as the population dynamics, spread of epidemics, and semi-conductor devices [12]. For sufficiently
smooth f and k, we may diferentiate these equations with respect to t to obtain Volterra integral equations
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of the second kind which are known to be well-posed problems. This classical converting is applied in
many references (see, for instance [12, 7]).

We recall that in the variational iteration method, it was first proposed in [5] and recently used in the
literature for solving both linear and nonlinear problems analytic and numerical. The variational iteration
method is based on the general Lagrange’s multiplier method is simple and powerful method. Let us
take the differential equation

Lo+ Nep =g,

where L is a linear operator, N is an operator which can be nonlinear, and g is an inhomogeneous
term. Using method of successive approximations, we can write the (n + 1)'" approximation of the
solution as the nt™ plus some corrections. According to the variational iteration method (see, for instance
[13,12, 10, 2,9, 1, 4]), we can construct a correction functional as follows

t
Pni1 (1) = @n (t) +J7\(£) (Lon () +N@n (e) —gle))de, 0<e <t <1
0

where the correction functional contains a general Lagrange multiplier A which can be identified in an
optimal way by the variational theory, noting that in this method A may be a constant or a function, ¢
is the nth approximate solution, and @, denotes a restricted variation, i.e. ¢, = 0, where 9 is the
variational derivative.

In this article, we intend to combine the variational iteration method and Taylor approximation to
obtain a systematic and efficient method for solving previous ill-posed Volterra equations (1.1) and (1.2).
We will transform these equations to an equivalent integral equations of the second kind defined in [0, 1].

Let A(t) be an operator with derivatives of first order with respect to t in an interval [0, 1] than for
0<t—h<t<t+h<1, with h — 0. The Taylor series given by

Alt+h) = A(t)—l—%A'(t)—i—O(h), (1.3)
Alt—h) = A(t)—%A'(t)—i—O(h), (1.4)

where O(h) is an unknown error term of approximation.

The presentation and the analysis of our method, based on the idea of Taylor approximation, is the
main goal of this paper.
2. Solving linear Volterra integral equation of the first kind

Now, let A(t) be an operator integral defined by

t
A(t):J k(t,x) e (x)dx, 0<x<t<1
0

and by using the Taylor series of the first order and Leibnitz rule, we find

t
A(t+h) = A(t) + hk(t,t)o(t) + hJ k(LX) (x) dx + 0 (h).

o ot

Then, the approximate Volterra integral equation of the first kind (1.1) given by

t
F(1) + hk(t, ) (1) +hJ Ok (LX) (x)dx = F(t+h)+ O (h),

o ot
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where k(t,t) # 0 and ok E(;c, x) # 0 for t € [0,1], we obtain the linear Volterra integral equation of the
second kind given by
on (t) + J: K(t,x) on (x)dx =fr (t), h =0 (2.1)
here Okltx) f(t+h)—f(t)
K(t,x) = —2°t fhnt)=—————+———and o, = @ if h = 0.

k(t,t)’  hk(t,t)

Substituting t = 0 into (2.1) gives the initial condition ¢y (0) = (p%.

Now, using Leibnitz rule to differentiate both sides of (2.1) gives

t
eh (1) +K(t,t) on (1) + L aKt():’ X)

P (x) dx = fi, (t). (2.2)

We apply variational iteration method for equation (2.1) and take @ (t) = P (t). According to this method
correction functional can be written in the following form

t

r K (t,x)

T Py (x) dx —f}, (t)) de.

Brer (1) = b (1) + J

0

A(e) (tb; (t) + K (t,t) dn (1) +

Imposing the stationary condition (0, +; =0) on the correction functional, the Lagrange multiplier
Ale) =—1.
As a result, we obtain the following iteration formula

r oK (t,x)

t
it (0= (0= | (0 0+ K0 0+ [ 0

Py (x) dx —f}, (t)> de. (2.3)

By starting from {o(t) = (p(})1 (t), we can obtain the exact solution or an approximate solution @y (t) =
lim P, (t) of the equation (2.1).
n—oo

Moreover, the solution ¢ (t) of the equation (2.1) converges to the solution ¢ (t) of Volterra integral
equation (1.1) of the first kind as h — 0; or written

et) = }Lig})@h (t).

Here, we emphasize the two important remarks related to this converting technique for linear Volterra
integral equation. First, if we use the Taylor series of the first order and Leibnitz rule, we obtain the
Volterra integral equation of the second kind given by

CF)—f(t+h)
Pn (x) dx = TN .h—=0

Second, if we use Leibnitz rule and the difference of Taylor series between (1.3) and (1.4), we obtain the
well-posed Volterra integral equation given by

Diefx] _flt+h)—f(t—h)

2hk (t,t) h=0
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3. Solving Volterra-Hammerstein integral equation of the first kind

In this section, we shall study a nonlinear integral equation. Let A(t) be a nonlinear operator defined

by

t
A(t)zj K(tx) Flo ()] dx, 0 <x <t <1
0

and by using the Taylor series of the first order and Leibnitz rule, we find

t
A(t+h) = A(t) + hk(t, t)F (@(t)) + hJ Ok (t,x) . (¢ (x))dx+ O (h),

o ot

then, the Volterra-Hammerstein integral equation of the rst kind (1.2) given by

t
f(t) + hk(t, t)F (@(t)) +hJ akgfc’x)F (@ (x))dx=f(t+h)+O(h).
0
Then, if k(t, t) # 0 and Ok [t x) we obtain
£ ak(tx)
0 _fl+h—ft)
Flon (0) + | o Flon () ax = T, 6.1
0

where @ (t) = @(t) if h — 0, After to use the change of variables, we obtain the linear Volterra integral
equation of the second kind given by

t
_ f(t+h)—f(t)
i 0+ K (60 () = TR, (62)
0
where o
- f(t+h)—f(t)
_ _ ot _
W () = Flon (1)), K () = -2 and f () = S
Assuming that F (¢n, (t)) is invertible, then we can set
Qn(t) =F 1 (Wn (1).
Substituting t = 0 into (3.2) gives the initial condition ¥}, (0) = F (¢ (0)) = Woh.
Now, using Leibnitz rule to differentiate both sides of (3.2) gives
t
Y (1) + K (t,t) Wh (1) +J aKéE’X)\yh (x) dx = f}, (t). (3.3)
0

We apply variational iteration method for equation (3.2) and take Wy, (t) = (t). According to this method,
correction functional can be written in the following form

t

r oK (t,x)

Brst (8) = P (1) + J L

0

Ale) (w; (04K (4 ) (1) + P (x) dx— 4, (t)) de.

Imposing the stationary condition (6,11 =0) on the correction functional, the Lagrange multiplier
Ale) =—1.
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As a result, we obtain the following iteration formula

€

Bt (1) = B (8) + Jw; (1) 4 K (4, 0) b (1) + J
0

0

oK (t,x)
ot

Py (x) dx — 4, (t) de. (3.4)

By starting from (t) = ‘P?L (t), we can obtain the exact solution or an approximate solution ¥y (t) =
P(t) = li_r)n Py (t) of the equation (3.2) . Using the transformation
n o

on () =F 1 (WL ().

Moreover, the solution @ (t) of equation (3.2) converges to the solution ¢(t) of Volterra integral equation
(1.2) of the first kind as h — 0, or write

et)= }Liinm@h (t).

Two important remarks related to this converting technique for Volterra-Hammerstein integral equation
can be made here. First, if we use the Taylor series of the first order and Leibnitz rule, we obtain the
Volterra integral equation of the second kind given by

t 0k(t,x)

ot f)—ft+h)

WYy (x) dx = AT h—0

. (tHL k(t,t)
Second, if we use Leibnitz rule and the difference of Taylor series (1.3) and (1.4), we obtain the linear
Volterra integral equation of the second kind given by

ok(t,x)

(?: y WYy (x) dx =

f(t+h)—f(t—h)

Yn(t)+ 2hk (t,t)

.h—0and k(t,t) #£0.

S——
=~

We note that if we use another iterations method (like, Adomian decomposition method, the modified
decomposition method, ...) the resulting systems for solving the Volterra integral equations of the first
kind is slightly different from (2.3) and (3.4).

4. Mlustrative examples

This method for linear and nonlinear Volterra integral equations will be illustrated by discussing the
following examples.
We consider the linear Volterra integral equation of the first kind

t t2
J (t—x+10%) ¢ (x) dx = 7+ 10°t. (4.1)
0

It’s equivalent to the Volterra integral equation of the second kind given by

2t+h
=11 42
er(x)dx = 5= +1+0(h), (4.2)

©

=

=

+
S~

for t € [0,1] with the boundary condition ¢y (0) ~ %10*2 +1.
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If we pose P(t) = @n(t) and use Leibnitz rule to differentiate both sides of (4.2) the it gives
W () +1072 (t) = 1072
Using the variational iteration method, the iteration formula for equation (4.2) is
t
Dot () = W () — JO P () + b (€) — 10 2de. (43)
As stated before, we can use the initial condition to select
h 2
Yo (t) =9 (0) = 510 + 1.

Using this selection into (4.3) gives the following successive approximations (n > 1) :

h
Yo (t) = 1+-1072,

2
i -2 —2)\2
i) = o lt)— [h(e) Fbole) ~102de =1+ - h—(mz i,
0
t -2 —2)2 —2)3
Po(t) = Pp(t)— ¢3(8)+¢1(a)—10*2de:1+102 h— (102 ) ht + ( 04 ) ht?,
0
L -2 —2)2 —2)\3
P3(t) = Po(t)— 11)’2(5)+1b2(£)—10_2d£:1+102 h_(102 ) ht+(4)ht2
0
(1072)4 3
1 M
t hn+1 - (10,2)1
/ —2 1+ i—1
n () = Ynoa (0= [Wh 4 (0) 4 dnoa (6~ 10 de=1+3 3 ("
0 1=

The variational iteration method admits the use of

en (t) =1 (t) = lim Py (1),

n—oo

that gives the exact solution of the Volterra integral equation (4.1) by

et)= rlllggocph (t) =1

Use the variational iterationmethod to solve the nonlinear Volterra-Hammerstein integral equation of
the first kind

t
J (10t — 10x + 6) log | (x)| dx = 5% + 9t2. (4.4)
0

It's equivalent to the Volterra integral equation of the second kind given by

t
5 5 3 9h + 5h?
log lon (t)+ 3 Jloglcph (x)|dx = Etz + <3+ 2}1) t+ % + 0 (h), (4.5)
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2
for t € [0,1] with the boundary condition ¢y (0) ~~ @

We first set
Pn(t) = exp(wn(t)),

to carry out the nonlinear equation (4.5) to the linear Volterra integral equation

h + 5h?
th(x)dx:gt2+<3+;h>t+9—z5,h—>0 (4.6)

W[ Q1

Wh (t) +

if we pose P (t) = wn (t), using Leibnitz rule to dicerentiate both sides of (4.5) it gives

B 3h
VP (t)+§1b(t)—5t+3+ 5

Using the variational iteration method, the iteration formula for equation (4.5) is

¢ 3h
Prst () = (”_L W (€) i (€) 56 —3— de (47)
As stated before, we can use the initial condition to select
9h + 5h?
Polt) = $(0) = ===
Using this selection into (4.7) gives the following successive approximations:
9h + 5h?
bolt) = ——
t 3h 9h -+ 5h?
Pi(t) = o (”_L Whle) o (€) —5e 3 — de = I
5 (9h +5h?) 3h 5.,
(18_3_2> that
t 3h 9h + 5h?
Pa(t) = by (”_L W) (6) —5e —3— de = I
5 (9h + 5h?) 3h 5 (9h + 5h?) 3h) , 25 ,
(18_3_2> b (18_3_2 RRETA

t

Pn () = Ynoa (0= [Whoy (€ o (6) =10 2de =
0
The variational iteration method admits the use of

wn (1) =P (t) = lim Py (1),

n—o0

that gives the exact solution of linear equation (4.6) by

w(t) = rlxlinmwh (t) = 3t.

Finally, the exact solution @(t) of the Volterra-Hammerstein integral equation (4.4) can be obtained by

o(t) = exp(w(t)) = exp(3t).
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5. Conclusion

In this work, we studied the new technique that converted Volterra integral equation of the first kind

to well-posed Volterra integral equation. This technique is combined with a variational iteration method
for solving these ill-posedness equations. Two examples have been presented; the method is very useful
and reliable for many types of linear and nonlinear Volterra integral equations of the first kind.
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